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Abstract

The rotor-router model is a deterministic analogue of random walk
invented by Jim Propp. It can be used to define a deterministic aggre-
gation model analogous to internal diffusion limited aggregation. We
prove an isoperimetric inequality for the exit time of simple random
walk from a finite region in Z¢, and use this to prove that the shape of
the rotor-router aggregation model in Z¢, suitably rescaled, converges
to a Euclidean ball in R

1 Introduction

Rotor-router walk is a deterministic analogue of random walk defined by Jim
Propp. At each site in the integer lattice Z? is a rotor pointing north, south,
east or west. A particle starts at the origin; during each time step, the rotor
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Figure 1: Rotor-router aggregate of one million particles. Each site is colored
according to the direction of its rotor.

at the particle’s current location is rotated clockwise by 90 degrees, and the
particle takes a step in the direction of the newly rotated rotor. In rotor-
router aggregation, we start with n particles at the origin; each particle in
turn performs rotor-router walk until it reaches a site not occupied by any
other particles. Let A, denote the resulting region of n occupied sites. For
example, if all rotors initially point north, the sequence will begin A; = {o},
Ay = {o0,(1,0)}, A3 = {0, (1,0),(0,—1)}, where o is the origin. The region
A1 000,000 18 pictured in Figure 1.

Internal diffusion-limited aggregation (“internal DLA”) is an analogous



growth model defined using random walks instead of rotor-router walks.
Starting with n particles at the origin, each particle in turn performs simple
random walk until it reaches an unoccupied site. Lawler et al. [10] showed
that for internal DLA in Z¢, the occupied region A, rescaled by a factor of
n'/4, converges with probability one to a Euclidean ball in R? as n — oc.
Lawler [11] estimated the rate of convergence.

There has been considerable recent interest in obtaining a shape theorem
for the rotor-router model analogous to that for internal DLA [8, 13]. Much
of this interest has been driven by simulations in two dimensions, which
indicate that the regions A, are extraordinarily close to circular. Despite
the impressive evidence for circularity, very little progress has been made
until now in the way of rigorous results. In one dimension, with rotors
alternately pointing left and right, the dynamics of the model are simple
enough to analyze explicitly; in this case the first author has shown [13] that
the deviation from a ball (symmetric interval) is bounded independent of
n. In addition, various modifications and extensions of the one-dimensional
model are amenable to explicit analysis, and analogous shape theorems are
known in some of these cases [8, 13]. In two dimensions, the first author has
shown [13] that the region A, contains a disc of radius proportional to n'/%.
In higher dimensions, the model can be defined analogously by repeatedly
cycling the rotors through an ordering of the 2d cardinal directions in Z;
until now nothing was known about the shape for d > 3.

Denote by R A S the symmetric difference of sets R and S. For R C R?
and A € R, write AR for the rescaled region {\z | z € R}. For a lattice
region A C Z¢, denote by A" the union of closed unit cubes in R? centered
at the points of A. We write £ for d-dimensional Lebesgue measure. As a
special case of our main result, Theorem 2.2, we obtain the following.

Theorem 1.1. Let (A,),>1 be the sequence of regions formed by rotor-router
aggregation in 72, starting from any initial configuration of rotors. Then as
n — oo

L(n YA A B) -0, (1)
where B is the ball of unit volume centered at the origin in R,

In Theorem 2.2 we give an explicit bound on the rate of convergence. For
example, when d = 2, the area of the symmetric difference (1) is O(n="/%logn).
We also prove this result in the more general setting of arbitrary rotor stacks
of bounded “discrepancy;” see section 2 for details. Here we should empha-
size that much work remains to be done if one hopes to explain the almost



perfect circularity found in Figure 1. The form of convergence in Theorem 1.1
is not as strong as the convergence in the shape theorems for internal DLA
[10, 11]. In particular, Theorem 1.1 does not preclude the formation of long
tendrils, or of “holes” close to the origin, provided that the volume of these
features is negligible compared to n.

A major component of the proof is an isoperimetric inequality for the
expected exit time of random walk from a region in Z? Because of its
intrinsic interest and possible utility in other applications, we state it here.
Given A C Z4, let e,(A) be the expected time for simple random walk started
at the origin to first leave the region A. Order the points in Z? according
to increasing distance from the origin, breaking ties arbitrarily. The lattice
ball B,, of cardinality n consists of the first n points in this ordering. The
following result shows that the expected exit time e,(A) is asymptotically
maximized among all regions of a given size when A is a lattice ball.

Theorem 1.2. There exists € > 0 such that

sup  e,(A) =e,(Bp)(1+0(n™°)),
ACZ4, |Al=n
In Theorem 2.1 we give an explicit bound for the exponent in the error term.
We remark that another application of random walk to study a “quasi-
random” process was recently found by Cooper and Spencer [4].

2 Convergence to a Ball

Denote by | - || the Euclidean norm in Z¢. For z, y € Z* we write x ~ y if
|z —y|| = 1. By a “region” A C Z¢ we will always mean a finite subset of
Z%. We write |A| for the cardinality of A. The boundary of A is the region

0A={x € A°| x ~ y for some y € A}.
We write AV for the union of closed unit cubes in R¢ centered at points in
A:

d
A=A+ |—2, 2| CR%
23]
Recall that the lattice ball B,, consists of the first n points in an ordering
of Z% in increasing distance from the origin. An easy integral calculation
shows that

B((njwg)V? —d) C BE C B((n/wy)Y? + d), (2)
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where B(r) is the ball of radius r centered at the origin in R?, and wy is the
volume of the unit ball B(1).

Given x € A C Z4, denote by e,(A) the expected time taken by simple
random walk started at x to reach a point not in A. We adopt the convention
that e,(A) = 0 for x ¢ A. We will phrase our result in terms of the quantity

o(n) = sup  e,(A) — eo(By),
ACZ?, |Al=n

where B,, is the lattice ball defined in the introduction. Let

In section 3 we prove the following bound on ¢(n).

Theorem 2.1.
p(n) = O(n** 4 1og’n) (3)
where
1, d=1
u=4%  d=2 (4)
—d
2dglog3’ d Z 3.

The bound in (3) is of a smaller order than the exit time e,(B,) from
the lattice ball. To see this, we recall a standard martingale argument.
Denote simple random walk in Z¢ by {X;}2,, and write P, and E, for the
probability and expectation operators for walk started at Xqg = x. The
difference || X;||*> — t is a martingale with bounded increments, and the time
T = Typ, when the walk exits B, has finite expectation. From optional
stopping and (2) we obtain

2/d
coB2) = BT =B Xal = () 4 0l 5)

Thus Theorem 2.1 implies that

sup  e,(A) = €o(Bn)(1+ O(n™)). (6)
Aczd, |Al=n

In words, the lattice ball B, asymptotically maximizes expected exit time
among all regions of cardinality n.



We study the following mild generalization of the rotor-router model in
7Z¢. Fix a positive constant D, the discrepancy. At each site z € Z? is
an infinite stack of rotors rq, 79, ... each pointing in one of the 2d cardinal
directions. On the i-th visit to the site x, the particle exits in direction r;.
We require that for any direction § and any positive integer m,

#{i<m|r=9 —2—77; <D. (7)

Observe that the original rotor-router model with cyclically repeating rotors
satisfies this condition with discrepancy D = 1.
Write £ for Lebesgue measure in R?. Our main result is the following.

Theorem 2.2. Let (Ay,)n>1 be the sequence of regions formed by rotor-router

aggregation in Z¢ using any configuration of rotor stacks with discrepancy at
most D. Then

‘C(nfl/dAE A B) _ Cnfl/Qfl/dq)(n)l/Q_'_O(lel/Sdnfl/Zd) (8)

— 0 as n — 00,

where B is the ball of unit volume centered at the origin in R?, and C = C(d)
is a constant independent of n and D.

Remark. Theorem 2.1 gives explicit bounds for the quantity on the right side
of (8). In two dimensions, Theorem 2.1 implies that ®(n) = O(n*/3log®n),
hence

E(n_l/dAE A B) = O(n"Y%logn) + O(D?/16p1/%),

For d > 3, Theorem 2.1 gives

—d

®(n) = O(n* 4~ 573 log?n), (9)

hence

o—d

L(n Y4AY A B) = O(n” 3@s3 logn) + O(D'~/84p~1/24),

The remainder of this section is devoted to proving Theorem 2.2, with
the proof of Theorem 2.1 deferred to section 3.
Given a region A C Z¢, define

W) =) llall”

€A
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Among regions A C Z? with |A| = n, the quantity ¢(A) is minimized when
A = B,,. The idea of the proof of Theorem 2.2 is to show that ¢(A,) cannot
be much larger than ¢(B,) (Proposition 2.3). To estimate ¢ (B,), we have
from (2)

d /4 14274 1+1/d
Y(By) T 2wd n +O0(n ) (10)

Proposition 2.3. ¢(A,) < ¥(B,) + ®(n) + O(D?*~1/4dp1+1/d),

To prove Proposition 2.3, we first relate the quantity ¢(A,) to the total
number of steps 7, taken by the rotor-router walks of the first n particles.
We will make use of the identity

d
1
ALlz]]? = = —1)? — 227 A+ 1)) =1 11
oll2l” = 5 ;((ﬂfz )" =227+ (2 +1)7) =1, (11)
where A, f denotes the discrete Laplacian of the function f at the point x:

Af =533 o)~ fo).

Y~z

Lemma 2.4. ¥(A4,) < T, +8VdD Y _, |lz|| + 4dDn.

Proof. Given a finite set of particles at locations (1), ...,x(n) € Z%, define
the quadratic weight of the configuration

Q= Q(z(1),...,2(n) = Z (2.

At any given time during rotor-router aggregation, each site x has routed an
equal number of particles to each of its neighbors, plus an error of at most
2D extra routings to each neighbor y ~ x. By (11) it follows that the net
effect of the first m routings from a site x is to increase the total weight by
m plus an error of at most 2D 3 |[[l[I* — [ly[]*|

Starting with n particles at the origin, let the particles perform rotor-
router aggregation one at a time until all of A, is occupied. This process
involves a total of T;, routings, so the net change in weight is 7T,, plus an error



of at most

d
2D Y el = lyl*] = 2D ) Y (122 + 1] + |22, — 1))

TyEA, T€EA, i=1

2D > > (4| +2).

z€A, i=1

< 8VdD Y x| +4dDn,

ZGAn

IN

where the last inequality is Cauchy-Schwarz. The result now follows from the
fact that the initial configuration has weight zero and the final configuration
has weight ¢(A4,,). O

We next relate the quantity 7,, to the expected exit time e, (A,,) (Lemma 2.6).
For any region A we have the Laplacian identity

Lemma 2.5. If |A| = n, then ZxNyeA lea(A) — e, (A)| = O(n1+1/d)'

Proof. By Cauchy-Schwarz,

( > lea(d) —ey(A)|> <2dn Y (ea(A) — ey (A))*

r~yeA r~yEA
To bound the latter sum, the fact that e,(A) = 0 for x € A implies

Yo () —e(A)) = 2 Y ea(A)(ex(A) —ey(A)

r~ycAUOA z~ye AUOA

= 2 Z ex(A) Z(ex(A> —ey(A)).

z€A Y~
The inner sum simplifies to —2dAe,(A) = 2d, and (5) and (6) give

Yo (elA) —ey(A) = dd) e (A)

r~y€ AUOA €A

— O(?’L1+2/d). 0



Lemma 2.6. T,, = ney(A,) — > o4 €x(An) + O(Dn'+1/4).

Proof. Given a finite set of particles at locations z(1),...,x(n) € A, define
the exit weight of the configuration

E=Ex(1),...,z(n)) = Zem(j)mn).

By (7) and (12), the net effect of the first m routings from a site z is to
decrease the total weight &€ by m, plus an error of at most 2D > [e.(4,)—
ey(Ay)|. Beginning with n particles at the origin and ending when A, is
completely occupied, the total decrease in weight thus differs from 7,, by at
most 2D > 4 [ex(An)—ey(A,)]. The result now follows from Lemma 2.5.

0

Lemma 2.7. T, < ﬁwf/dnlﬂ/d + ®(n) + O(Dn' /4y,

Proof. Define a modification of internal DLA as follows. Beginning with
particles py,...,p, at the origin, let each particle p, in turn perform simple
random walk until it either exits A, or reaches a site different from those
occupied by p1,...,pr_1. At the random time 7, when the last particle
stops, the particles that did not exit A,, occupy distinct sites in A,,. If we let
these particles continue walking, the expected number of steps needed for all
of them to exit A, is at most Y _, e,(A,). Thus

E<Tn) + Z ex(An> > neO(An)~ (13>

TE€An

The number of steps taken by the particle p;,; in modified IDLA is at most
the time for random walk started at the origin to exit the region occupied
by p1,. .., Pk, which is at most e,(Bx) + ¢(k). By (5) it follows that

—_

E(r.) < ) (eo(Br) + @ (k)

3

3 =
Il
—_

= D ((k/wa)** + O(K'")) + @ (n)

B
Il

Q=

= 703 2w;2/dn1+2/d + ®(n) + O(n'tY/9),

The result now follows from (13) and Lemma 2.6. O
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We can now prove Proposition 2.3 by means of a bootstrapping argument.
Lemma 2.8. If ¢(A,) = O(D*n®) for some a > 1, 6> 1+ 2, then
W(A,) = O(D1+a/2n(1+ﬁ)/2) + O(n1+2/d)_
Proof. By Cauchy-Schwarz

(Z ||fr||> <n ) |lz)* = nd(A,) = O(Dn' 7). (14)

TEAR, T€AR
Lemma 2.4 now shows that
@D(An) <T, + O(DHO‘/Zn(Hﬁ)/Q),

and the result follows from Lemma 2.7 and (9). O

Proof of Proposition 2.3. Since A,, is connected, ||z| < n for all x € A,,
hence 1 (A,,) = O(n®). The sequences defined by

060:1, Oém+1:1+a7m
1+ B
50 = 37 5m+1 = 92

have the explicit forms
O =2-2"", Bp=1+2'""

hence

1 2
Y o o <1 BE
2d’ Bﬂ ¢gd/log2] > +d
where [z] denotes the least integer > z. By iteratively applying Lemma 2.8
we obtain after [logd/log 2] iterations

Alog d/ log 2] <2-

¢(An) _ O(D271/2dn1+2/d).
Equation (14) now gives

Z Hx” _ O<D171/4dn1+1/d>

xeAn
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hence by Lemmas 2.4 and 2.7
¢(An) < Tn + O(D2_1/4dn1+1/d)

_ y jl_ wa/dnlﬂ/d +®(n) + O<D271/4dn1+1/d)'

The result now follows from (10). O

For the proof of Theorem 2.2 it will be useful to rephrase equation (10)
in terms of the radius of the ball:

dwd
¢(BLwdeJ) = d—_‘_QTCH—Q + O(’T‘d+1>. (15)
Recall also that
B((n/wd)l/d —d) C BE - B((n/wd)l/d +d). (16)

Proof of Theorem 2.2. We will show that
‘An A Bn’ < C«nl/2—1/dq)(n)1/2 —|—O(Dl_l/8dnl_1/2d). (17)

By (16) this implies

L(n AT AB) < Lin VAT An VB 4+ L(n” VB A B)
1
< 4w A B+ 07
< Cn—1/2—1/d(1)(n)1/2 + O(D1_1/8dn_1/2d),

which gives the theorem.

To prove (17), we first observe that if |A,, A B,,| =V, then ¢)(A,,) > ¥(A),
where A = (B, \ S_)US, is the region formed by deleting from B, an outer
spherical shell S_ of cardinality V/2 + O(n'~'/?) and adjoining an adjacent
spherical shell S, of cardinality V/2 — O(n'~'/4). The outer radius of S_
and inner radius of S are both equal to r = (n/wg)"/? + O(n'~'/?). Solving
for the inner radius r_ of S_ and the outer radius r; of Sy in terms of V,

we obtain .
+V/24 O(n' /1
ry = <n / : (n )) +O(1),
d

hence
rdt2 = Cy(n £ V/2)1H¥4 L O(n't1/9), (18)

11



Writing A = (B4 | \ Blugr)) U B, equation (15) yields

wdrija
W(A,) — P(By) = Cy[ret? — 2rtt2 4 412 4 O(n! 1/,

Applying (18) and expanding (n + V/2)1+%/4 = n=1=2/4(1 £V /2n)' 2/ using
the binomial theorem, all terms involving an odd power of V' cancel, and all
terms involving an even power of V' are nonnegative, hence

V(A,) —P(B,) > CyVin =142/,
Solving for V' and applying Proposition 2.3 we obtain

Vo< OV (A,) = w(B)Y?

<
< C3n1/2—1/d(1)(n)1/2+O(D1—1/8dn1—1/2d)’

which yields (17). O

3 Isoperimetric Inequality for Exit Times

This section is devoted to proving Theorem 2.1. The case d = 1 is an
elementary gambler’s ruin calculation; for the remainder of this section we
assume d > 2. We have not attempted to optimize the exponent v, appearing
in the error term for d > 3, preferring instead to give the cleanest possible
arguments. A careful optimization of Lemma 3.3 should yield a somewhat
smaller error.

[soperimetric inequalities of the type appearing in Theorem 2.1 have long
been known for the exit time of Brownian motion from regions in R?. The first
such result goes back to Pélya [14], who showed that a disc in R? maximizes
“torsional rigidity” among all simply connected plane domains of a given
area. Aizenman and Simon [1] use a rearrangement inequality of Brascamp,
Lieb and Luttinger [3] to prove that a Euclidean ball in R¢ simultaneously
maximizes all moments of the Brownian exit time among all regions of a
given volume.

The proof of Theorem 2.1 will proceed in several steps. We first appeal
to a rearrangement inequality of Pruss [15] to reduce to the case when the
region A has a certain weak convexity property (Lemma 3.2). This convexity
enables us to estimate the exit time from points close to the boundary by
bounding the hitting time of an orthant in Z¢ (Lemma 3.3). The Einmahl

12



extension [6] of the Komlés-Major-Tusnddy strong approximation [9] (see
also [16]) yields a close coupling of random walk in A and Brownian motion
in the corresponding region AY C RY, so that the random walk is likely to
be close to the boundary of A when the Brownian motion exits AY. Finally,
the theorem of Aizenman and Simon is used to bound the expected exit time
of Brownian motion from A®.

Denote by 1, . .., &4 the standard basis for Z¢, and by H; the hyperplane
spanned by €1, ...,€_1,Ei11,---,n. Given a region A C Z, for each x € H;
let

a(v) =#{j €Z | x+ je;, € A}.

The Steiner symmetrization of A with respect to the hyperplane H; is the

region
. ai(x) - ay(w) d
o xg[ {a: + je 5 1< 5 }

In words, ;A is obtained by compressing to an interval each column of points
in A lying above a point x € H;, and then centering that interval about the
hyperplane H;, with preference for the positive side of the hyperplane if the
interval has even length. In particular, |0;A| = |A|.

Lemma 3.1. Let &(A) = sup,c4 €.(A). Then for any region A C 7,
e(A) < eé(o;A).

Proof. Pruss [15] has shown that solutions to certain difference equations on
graphs obey rearrangement inequalities with respect to Steiner symmetriza-
tion. Suppose that f and f are functions on Z¢ supported on the domains
A and 0; A, respectively. Moreover, suppose f obeys a difference equation of

the form
> K(uv)f(v) = 6(f(u)) (19)

v€EZ4

for u € A, and f obeys the same difference equation for v € 0;A. The
main theorem of [15] gives conditions on K and ¢ which imply sup,, f(u) <
sup, f(u).

The Laplacian identity (12) gives a difference equation of the form (19)
for the function f(u) = e,(A). To verify that Pruss’s theorem applies in
our special case, in the notation of section 2.3 of [15] we set X = H; and

13



Y = Ze,;. For v # 2’ € X we set k;(m) =11 m = 0 and 0 otherwise; set
ky.(m) = % if m <1 and 0 otherwise; and let
3 _
iy L=
ko(z,2") = { 577, o =2/ =1
0, |z —2'|| > 1.
Regarding Z? as the product X x Y, setting ¢ = —% and

K((z,y), (@', y") = ko(z, 2" ke (Jy — ¥/])

the difference equation (19) coincides with the Laplacian identity (12). O

We say that a region A C Z% is orthoconver if v € A and x + ke; € A,
k > 0imply z+je; € Afor all 0 < j < k; equivalently, any line in Z? parallel
to one of the coordinate axes meets A in an interval (possibly empty).

Lemma 3.2. For each n > 1 there exists an orthoconvexr region A C 7
which maximizes the quantity e(A) among all regions in Z¢ of cardinality n.

Proof. Denote by A the set of all connected regions A C Z? of cardinality n
containing the origin. Clearly, the maximum value of €(A) among all regions
of volume n is attained by a region A € A. By Lemma 3.1 the quantity
é(A) does not decrease under Steiner symmetrization. On the other hand,

the quantity
d
&) =30 s - 1/4]
€A i=1
strictly decreases under Steiner symmetrization unless A is already symmet-
ric. Choosing from among those regions in .4 which maximize € one which
minimizes £, we obtain a region that is Steiner symmetric about every coor-
dinate axis, hence orthoconvex. O

If A C Z% is orthoconvex, then any point x € JA has a “supporting
orthant” () based at x lying entirely outside A. To bound the time to exit A
from points near the boundary, we will bound the time to hit this orthant.
We write C(z,r) for the L> ball of radius r (cube of side length 2r + 1)
centered at x. Simple gambler’s ruin considerations imply that

ExTBC(x,T) - O(TQ)' (20)

14



Figure 2: Diagram for the proof of Lemma 3.3

Lemma 3.3. Let Q be the nonnegative orthant {x € Z* | x; > 0, i =
1,...,d}, and let

p(k,r) = | S‘)‘Up Po (T > Toc(or)-
z||co <k

Then if r > 3k,
—d

p(k,r) < (1 — 22—d) p(3k, 7).

Proof. Given x € Z¢ with ||zle < k, let Q(x) = {y € Z¢ | y; > xy, i =
1,...,d} be the orthant parallel to @) based at z. Subdividing the cube
C = C(x,2k — 1) into 2¢ cubes of side length 2k with overlapping faces, the
intersection @(x) N C consists of one of the cubes in the subdivision. By

symietry,
P, (Xz, € Q(x)) > 27

Now if y is any point in 9C N Q(x), then an entire boundary face of the cube
C'=C(y,k —1) lies in @ (Figure 2), hence by symmetry

1
P,(Xr,., € Q) > ¥R

The result now follows from the observation that the L* norm of any point
on the boundary of C' or C’ is at most 3k. ]
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For a domain D C R? denote by T the time when Brownian motion
exits D. The theorem of Aizenman and Simon [1] implies that E, T3 is
maximized among domains D of volume n when D is a ball and x is its
center. Since vol(A”) = |A| = n we obtain E,T0N < (n/wg)?? for all
x € AY. (We adopt the notational shorthand A" := 9(AY).) Chebyshev’s
inequality gives

sup Po(TEM > 2(n/wg)??) <

0A ’
xe AU

N | —

hence
P (THE > 2m(n/wa)®?) < 27™. (21)

The following is a refinement of Lemma 3.3 in dimension two.

Lemma 3.4. In dimension d = 2, there are constants a and ¢ such that

k+ alogr 2/3
r—alogr .

p(k,r) <c <

Proof. Applying the map z — 2?3, the conformal invariance of harmonic
measure for planar Brownian motion [12] implies that

E\ /3
pum(k,7) := sup P, (Tgi}fw)u < TS’%‘) < (-) : (22)

llzlloo <k r

By strong approximation [6, 9, 16] there exists a constant a > 0 and a cou-
pling of simple random walk in Z¢ with Brownian motion in R?, so that,
except for an event F; of probability at most %, the coupled paths are sepa-
rated by a distance of at most alogr —2 up to time s = [r*logr]. Let Fy be
the event that the Brownian motion has not exited C(o,7)" by time s. By
(21) we have P,(E>) = O(%). On the event E{N ES, if the random walk exits

C(o,r) before hitting @, the Brownian motion must exit C(o,r — alogr)-
before hitting the translated quadrant Q™ + (alogr, alogr); hence

p(k,r) < pem(k + alogr,r —alogr) + Py (E1) + Py (Ey).
The result now follows from (22). O

Proof of Theorem 2.1. Denote by E3 the event that the random walk and
Brownian motion paths in the strong approximation coupling are separated
by distance more than blogn — d before time s = [n*%logn]. Choosing b
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sufficiently large we can take P(E3) < 1. Write T = T3, and denote by E,
the event that 7' > s. By (21) we have P,(Ey) = O(2) for all z € A"

On the event ES N Ef the location Xy of the random walk when the
Brownian motion exits A is distance at most blogn from 0A. Let () C A° be
the supporting orthant at a point Y € dA within distance blogn of Xr. For
J = 1let F; be the event that after time 7' the walk travels to L* distance
3’blogn away from Y before hitting ). Iteratively applying Lemma 3.3 with

initial value k = blogn we obtain

P.() < 1- Qz—d) <on(-57). (23)

Write m = U‘l’fg"?j. By (23) we have

P,(F,) = O(n™), d>3. (24)

In dimension two, Lemma 3.4 with ¥ = blogn and r = 3/blogn gives for
J<m
P.(F;) < Co37%73, (25)

Taking j = m we obtain P,(F,,) = O(n~'/3). Thus (24) holds in dimension
two as well.

On the event E5 N EfN FY, the time for the random walk to exit A is at
most the exit time for Brownian motion plus the time for the walk to go an
additional L*> distance (37 + 1)blogn. Hence

Toa < T+ Z 1, Toc(xr 3it1piogn) + Lrn T + Lgy(s + T3) + 1, (s + T),
j=1

where T is the additional time taken to exit A if the walk travels to distance
3mblogn from Y before hitting Q; and T} for i = 3,4 is the additional time
taken to exit A after time s if the event F; occurs. Taking expectations and
applying (20), we obtain by the strong Markov property

2/d m B
E,Tha < (ﬁ> +C1 Y Po(F)3¥log"n+ O(n ) E, T+ (26)
j=1

Wq
2 1 N 5
+2 40 (—) (E.T5 + E,Ty).
n n
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Figure 3: Rotor-router (left) and IDLA shapes of 10,000 particles Each site
is colored according to the direction in which the last particle left it.

By (23), (24) and (25),

ZPm(F})32J < 02 Px (Fm)32m = O(nQ/d*%l).

j=1

Maximizing (26) over x € A we obtain

2/d 9
&(A) < (g) +0(n*/* 1 log? n) + O(n™)a(A) +O(n?/ " log n) +~&(4)
d

and solving for é(A) yields

2/d
e(A) < (%) + O(n**log?n). O

4 Concluding Remarks

It appears from simulations in two dimensions that the shape of the rotor-
router model is significantly rounder than that of internal DLA; yet the shape
theorem we have proved for the rotor-router model is weaker than the shape
theorem obtained by Lawler, Bramson and Griffeath for internal DLA [10].
One quantitative way of measuring the roundness of a lattice region A is to
compare its inradius

ri(4) = int o

18



Figure 4: Segments of the boundaries of rotor-router (top) and IDLA shapes
formed from one million particles. The rotor-router shape has a much
smoother boundary.

and outradius
ro(A) = sup [|z].
x€A

In our simulation up to a million particles, the difference between the inradius
and outradius of the internal DL A shape rose as high as 15.2. By contrast, the
largest deviation between inradius and outradius for the rotor-router shape
up to a million particles was just 1.74. It remains a challenge to explain the
almost perfectly spherical shapes produced in simulations.
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