HOW FAR DO ACTIVATED RANDOM WALKERS SPREAD FROM A
SINGLE SOURCE?
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ABSTRACT. Unlike many particle systems, Activated Random Walk has nontrivial be-
havior even in one spatial dimension. We prove inner and outer bounds on the spread
of n activated random walkers from a single source in Z. The inner bound involves a
comparison with the stationary distribution of activated random walkers on a finite in-
terval, while the outer bound involves a comparison with the stabilization of an infinite
Bernoulli configuration of activated random walkers on Z.

1. THREE EXPERIMENTS, ONE THEOREM, AND TWO CONJECTURES

Activated Random Walk is the name of a particle system with two species, active parti-
cles “A” and sleeping particles “S” that become active when an active particle encounters
them (“A+ S — 2A4”). Each active particle performs a continuous time random walk on
the infinite path Z, stepping to a random neighbour at rate 1. When an active particle is
alone, it falls asleep (“A — S”) at rate A\. A sleeping particle stays asleep forever, until
and unless an active particle steps to its location. The parameter A > 0 is called the sleep
rate. Skip ahead to Section [3| for a precise definition of the model.

The first rigorous results about Activated Random Walk were proved by Hoffman and
Sidoravicius (unpublished) in the case of totally asymmetric walks, and by Rolla and
Sidoravicius [I6] in the case of symmetric walks; we refer to [15] for a complete history.
Surprisingly, many basic questions about this simple one-dimensional particle system re-
main open! In this paper we relate the outcomes of three different experiments.

Experiment 1. For ARW(Z,\) (Activated Random Walk on Z with sleep rate A),
start with any stationary ergodic configuration n : Z — N, all initially active. If each site
of Z is visited only finitely often, then we say that n stabilizes; otherwise, we say that n
explodes. Rolla, Sidoravicius and Zindy [17] proved the remarkable fact that stabilization
depends only on the mean number of particles per site, ¢ := E(n(0)). Namely, there is
a constant (.(Z, \) such that if ( < (. then 7 stabilizes with probability 1, and if ¢ > (.
then n explodes with probability 1. This theorem applies to infinite configurations n on
the infinite path Z. The next experiment concerns a finite configuration.

Experiment 2. For ARW(Z, \), start n walkers at 0. How far do they spread?

Conjecture 1 (Aggregate density (,). There is a constant (,(Z,\) such that for any
e > 0, with probability tending to 1 as n — oo, the set of visited sites contains a centered
interval of length (1 —e)n/Cq, and is contained in an interval of length (1 + e)n/(,.
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Experiment 3. Fix a finite interval I C Z containing 0, and write ARW (I, \) for the
finite particle system in which particles exiting I are killed. Start with one active particle
at each site in I, and let them perform ARW (I, \) until no active particles remain. How
many of them survive? Write |Sy(1)| for the number of sleeping particles in I at the end
of this process.

Conjecture 2 (Stationary density (s). There is a constant (s(Z, \) such that

lim |S1(17)|

#1—00 #I - Cs

in probability.

To explain why we call this the “stationary” density, consider the law 77 of the random
configuration of sleepers, S;(17) : I — {0,s}. The probability distribution 7; is more
canonical than it might seem. It is the unique stationary distribution of the Markov chain
with state space {0, 5}1 , whose update rule is: add one active particle at v and stabilize.
This distribution does not depend on the choice of v € I. These facts are proved in [I1].

What is the relationship between the three densities (g, (., (7 It is tempting to speculate
that (, = (. = (5. These and more detailed conjectures can be found in our companion
paper [13].

In the present paper we will prove inequalities of the form

Cout é Ca S C’m (1)

where (,,+ and (;,, are certain variants of the critical and stationary densities, respectively.
To do this, we will prove inner and outer bounds on the aggregate S(ndy). The inner bound
involves a comparison with the stationary configurations Sy(17), while the outer bound
involves comparison with the infinite configurations S(n) where 1 is an i.i.d. Bernoulli
configuration of mean < (..

2. MAIN RESULT

We now define the outer and inner densities needed to state our main result.

Fix ¢ € (0,1), and let (n(z)),ez be independent random variables with P(n(z) = 1) =
1 — P(n(x) = 0) = (. We interpret n as a particle configuration consisting of one active
particle each & € Z such that 5(z) = 1. Denote by w : Z — NU {oo} the ARW* odometer
of n. This is the random function

w(x) = number of ARW” firings needed at x to stabilize 7.
Definition 1 (Outer density). For w as above, let
Cout = Cout(Z, A) := sup{¢ > 0 : E¢(w(0)?) < o0}

Fix a sleep rate 0 < A < oo, and an interval I C Z. Write S;(1) for the ARW?*
stabilization of the all-active configuration 1; with sink at the boundary of I. This is a
random configuration of sleeping particles in I. Write |Sy(1)| for the total number of
particles in this configuration.
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Definition 2 (Inner density). For any interval I C Z we let

Cin,t = Cin,1 (Z, ) := inf {¢ > 0 : P(|S(11)| > CH#I) < (#1)7°},
and define

Gin := limsup Cin,[-
I

Our main result addresses the question in the title: How far do activated random walkers
spread from a single source? Starting with n active particles at 0, let A, be the random
set of sites in Z that fire at least once during ARW* stabilization. Write B, = [—r, 7] NZ.

Theorem 1. Let (our = C(Z,A) and (i, = Cin(Z, A) be as in Definitions |1 and @ respec-
tively, and assume min{(;y, Cout} > 0. Then for all € > 0 it holds

n
P <#An > C—(l —¢) and A, C B#(Ha) eventually in n> =1.
in out

Note that A, is an interval containing the origin, so the above result tells us that
Ay, contains an interval (possibly not centered!) of length #-(1 —¢) and is contained in a
(centered) interval of length COL(H—s). As a byproduct, we obtain the following inequality.

ut

Corollary 2. (i > Cout-

In fact we conjecture equality.
Conjecture 3. (;;, = Cout-

Together with Theorem this conjecture would imply that the random set A, is
asymptotically a centered interval, in that

P (B(l_E)T C An C Bigeoyr eventually) = 1

_ n
where r = o

Remark 1. For any v > 0 we can show that the event in Theorem[1] holds with probability

exceeding 1 —n~7 for n large enough, at the price of changing the definition of the critical
densities (i and Cour to make them depend on ~y. See Remarks @ and@for details.

2.1. Edge cases. The main interest of Theorem [I] is that it relates Experiment 2 to
Experiments 1 and 3. But its applicability is limited by an incomplete understanding of
Experiments 1 and 3. In particular, it would be interesting to rule out the edge cases
Cout = 0 and ¢, = 1. By Definition [I (,ut < (. where (. is the critical density

Ce:=sup{¢ > 0: Pe(w(0) < 00) =1}

studied in [17]. In fact, we conjecture that (our = Ce.

It would be of interest to adapt the proof that (. > 14%\ [15, §4] to give a lower bound
on (out- That proof uses “traps” arising from a simple random walk in Z killed only on
one side, so the resulting upper bound on w(0) does not even have a first moment. To
obtain an upper bound with finite moments, one could instead set traps on both sides of
an interval (—a,b) as in [5], and then use the one-sided trap procedure to stabilize the

half-lines (—oo, —a) and (b, 00). This procedure succeeds in stabilizing 7 on Z provided



4 L. LEVINE AND V. SILVESTRI

that w(—a) = w(b) = 0. The main difficulty is then to show that for small enough ¢ the
random variable

b:=inf{x >0 : w(z) =0}

has finite moments.

This difficulty disappears in the case that all particles start at the origin, because there
are no particles starting outside (—a,b). So a simple two-sided trap procedure in an
interval [~Cn, Cn] shows that there is a finite constant C' = C'(A) such that

P(A,, C Bcy, eventually) = 1. (2)

Also of interest would be to adapt the proof in [§] that (. < 1 to give an upper bound
on Czn

A final edge case is worth mentioning because it plays an important role in our proof of
Theorem [I] Activated Random Walk with sleep rate A\ = oo goes by the name Internal
DLA. It has the simple description that each random walker continues until it reaches an
unoccupied site, which it occupies forever. The case A = oo of Theorem [I] follows from the
shape theorem of Lawler-Bramson-Griffeath [I0]. Vastly more is known about Internal
DLA, including fluctuations [2, 9] and bounds on mixing [12} [I8]. We find it remarkable
that simply by tuning the sleep rate A < oo, the model becomes so much more difficult
that even the shape theorem in one dimension remains unproved!

2.2. Organization of the paper. Section |3| gives precise definitions and reviews two
basic features of ARW that will be used in the proof of Theorem |1} the Abelian and Strong
Markov properties. The inner and outer bounds are proved separately and independently
in Sections [] and The outer bound is proved via a coupling with Internal DLA in a
random environment, while the inner bound follows from a block decomposition similar
to the one introduced in [3, 4]. Some bounds on variants of Internal DLA will be needed,
and we collect their proofs in Appendix [A]

3. PRECISE DEFINITIONS; ABELIAN PROPERTY; STRONG MARKOV PROPERTY

Let Ng := N U {s} denote the ordered set
0<s<1I<2<3:---
An Activated Random Walks (in short ARW) configuration on Z is a map
n: 4 — Ng

where 7(x) denotes the number of active particles at x if n(z) > 1, a sleeping particle at x
if n(x) = s, and no particle at x if n(x) = 0. A particle can only be sleeping if alone at its
site, and it gets instantaneously reactivated if an active particle steps on it. Set |s| = 1,
so that |n(x)| counts the number of particles at z, regardless of their state.

Definition 3. A configuration 1 on Z is called stable at x if n(x) € {0,s}, and it is
unstable at x otherwise. We say that n is stable if it is stable at all x € Z.
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Next we describe how to stabilize ) by a sequence of moves called firings. Let A € (0, o]
be a fixed parameter, that we refer to as the sleep rate. To each site x € Z we associate
an infinite stack p; = (pz(k))r>1 of independent instructions with common distribution

S with probability Hi/\
pz(1) =< x—1 with probability m (3)
x+1 with probability ﬁ

The instructions s,z — 1, x + 1 are interpreted respectively as: “fall asleep if alone”, “step
left”, “step right”. If x € Z with n(z) > 1 we can fire x by applying the first unused
instruction in the stack p,. The effect of firing x is that one active particle at x steps to
a uniform neighbour with probability 1/(1+ \), and otherwise it falls asleep if alone (that
is, if no other particles are present at x; note that applying an s instruction has no effect
if there is more than one particle at z). We denote the resulting configuration by 7,7.

A firing 7, is said to be legal for n if n(z) > 1. Write a = (z1,22...x%) for a finite
sequence of sites, and assume that the corresponding sequence of firings 7, , Tz, . . . 7z, 18
legal, that is To; 18 legal for Taj 1 Taj_o " Tan T for all 7 < k. Then we write

Tal) *= Tep, Txp_q """ Tag ),

and say that a stabilises n if 7,7 is stable.
To each legal sequence of firings o we associate the odometer function u, : Z — N
defined by

ua(z) =Y 1(zj = x),
j=1
which counts the number of occurrences of x in «, or, equivalently, the number of stack
instructions used at x.

It will sometimes be useful to fire vertices that contain a sleeping particle. Firing x
such that n(z) = s consists of forcing the particle at x to wake up and evolve according
to the first unused instruction at z. Following [I7, [14], we say that if n(z) > s then firing
x is acceptable. Note that all legal firings are acceptable, while if n(x) = s then firing «x is
acceptable but not legal.

We collect below some useful properties of the ARW dynamics, for which we refer the
reader to [14] (or to [7, Lemma 4.3] where they are proved in the more general setting of
abelian networks).

Proposition 3 ([I4], Section 2.2). For any fized realization (py(k))zezk>1 of instruction
stacks the following hold.

1. (Local Abelian Property) If o, B are acceptable sequences of firings for a particle
configuration 1 such that u, = ug, then 1,mn = 731. The final configuration T,m
depends on a only through ug.

2. (Least action principle) If « is a finite acceptable sequence of firings that stabilises
n, and (B is any finite legal sequence for n, then ug < uq,.

3. (Abelian Property) If a, 5 are two legal stabilising sequences for n, then u, = ug,
and in particular Ton = T31).
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We will want to perform a random number of firings and argue that, under some con-
ditions, the stacks of unused instructions have the same distribution as the original ones.
This will require showing that ARW stacks satisfy a form of the Strong Markov Property.
To state it, let (p.(k)).czr>1 be a collection of independent random variables such that
for each z the sequence (p.(k))g>1 is i.i.d. with distribution (3). Write F'S for the set of
finitely supported functions f : Z — N. Write p/ for the shifted collection

ph = (po(k + f(2)))zezp>1-

Let Fo denote a o-field independent of the p.(k)’s, and write F¢ for the o-field generated
by Fo and p.(k) for z € Z and 1 < k < f(2).

Lemma 1 (Strong Markov Property For i.i.d. Stacks). Let F' : Z — N be a random
function such that P(F € FS) =1 and {F = f} € Fy for all f € FS. On the event
{F € FS), the shifted stacks p* are independent of (p2(k)):ezk<r(z), and o has the
same distribution as p.

Proof. Write Fp for the o-field of events A satisfying AN {F = f} € Fy for all f € FS.
We have to show for any finite sequence of distinct pairs (z1,k1),. .., (zn, kn) in Z x N,
any sequence of instructions 41, ...,%,, and any event A € Fp, it holds

P(A, o (k1) = it o (k) = in) = P(A) [] P2, (1) = i)).

Jj=1

Since F'S is countable,

]P)(Av pZ(kl) = ila" . aPan(kn) = Zn) = Z E [1(A>F = f’pgl(kl) = 7;17"->p£n(kn) = ’Ln)
f€FS

where the sum is over all finitely supported f : Z — N. Writing the expectation on
the right as the expectation of the conditional expectation E[-|Ff|, we can pull out the
indicator 1(A, F' = f), obtaining

ZE[l(AaF = f)E[l(pzl(kl + f(zl)) =1, nozn(kn + f(zn)) = Zn)|}—f]]
f

=Y "PAF =) [[Plo:, (1) =ij)
f =1

= P(A) [[ Blos,(1) =iy). O

J=1

We will use the Strong Markov Property as follows. Fix a particle configuration 7 :
Z — Ng, and consider a sequence of configurations (ny)x>1 in which each 7, is obtained by
firing n,_1 at a single site x, where x may depend on the initial condition 1), the portion
of the stack instructions explored in the first £ — 1 steps, and perhaps some independent
randomness, encoded in Fy. Continue until some stopping time 7', and let

Fl)=#{1<k<T :xp=u}
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be the number of times z fires during this procedure. By Lemmall} if 7" is a.s. finite then
the unexplored stack instructions p” are independent of the explored ones, and p! has
the same distribution as p.

3.1. Notation. In light of the fact that the stabilization of n with sleep rate A and the
corresponding odometer do not depend on the choice of firing sequence, we denote them
by S*(ndy) and u% respectively. Then for any legal stabilising sequence « for n we have
SMndo) = 7a(ndy), and u)) = u,, where the equalities hold pointwise. Whenever the sleep
rate \ is fixed we omit it from the notation for brevity.

For r > 0 let B,(x) = [x — r,z + 7] denote the ball of radius r in Z centred at x, and
write B, in place of B,(0) for brevity.

For a subset I C Z let 11 denote the ARW configuration consisting of exactly one active
particle at each site of I, and no particle outside I. If I = [a,b] C Z is a finite interval, let

oI .={a—1,b+1}

denote its (outer) boundary, and
I:=TUdI

denote its closure. The cardinality of a finite set I C Z will be denoted by #I. If a,b € R
and I C Z, write I = [a,b] or I = (a,b) to mean I = [a,b]NZ and I = (a, b)NZ respectively.

Let 7 denote a finite ARW configuration on Z, and recall that || counts the number of
particles in 7, regardless of their state. For I C Z we write |n|; for the number of particles

nlr =" [n()].

zel
Recall that S(n) denotes the stabilization of 7. For an interval I C Z, with S;(n) we
denote the stabilization of n with killing upon exiting I. That is, particles that step outside
I die immediately, and are removed from the system. Note that

ISl = Inl,  while |Sr(n)] <[nl.

We will sometimes need to allow particles to start from 09I, in which case we first fire the
boundary vertices until stable, and then let 0 act as a sink. All particles starting on 01,
except for the last one, die immediately upon trying to fall asleep on their first move. The
last one is allowed to fall asleep on its first move, and it never gets reactivated.

It will often be useful to partially stabilise a given configuration by only performing
firings which are legal in the Internal DLA sense. To be precise, we say that a particle
configuration 7 is IDLA-unstable at = € Z if n(z) > 2. In that case we fire by moving one
particle according to the first unused instruction at the site. Note that sleep instructions
will be ignored, since there is at least another particle at the site. We keep firing IDLA-
unstable sites until reaching a configuration with at most one particle at any given site.

This IDLA-stable configuration will be denoted by SPL4(n). Note that if all particles
SIDLA(

in 7|, that is

were active in 7 then they are all still active in 1), since we never fire sites with one
particle. In a similar manner one can define, for an interval I C Z, the IDLA stabilization

SIPLA(n) of  with killing upon exiting 1.
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4. THE INNER BOUND

Let ¢ € (0,1) be fixed throughout, as in the statement of Theorem [l Assume that
Cin < 1, since if (;;, = 1 then Theorem [I] follows by standard IDLA arguments.

Overview of the proof. To prove the inner bound for A,, = supp(u,) we will start by
finding an interval I; such that, with high probability, the odometer u,, is positive on Iy
and the stabilization S*(ndy) has density not much greater than ¢, on I;. If the length of
I, is much less than n/(;,, then a large number of particles must escape from one or both
endpoints of I;. We use these leaked particles to find a larger interval Io such that, again
with high probability, u, is positive on Iy and S*(ndp) has density not much greater than
Cin on Iy. This procedure is repeated a finite number of times (depending on €) to obtain
an interval [y of length > (1 — €)n/(ip.

Set n n

I = —5(1—5),5(1—5)]. (4)

The first lemma below tells us that the IDLA stabilization of n = ndy with killing upon
exiting I fills I; with high probability.

Lemma 2. For arbitrary € € (0,1) define I as in ([4). Then for any § € (0,1/2) and n
large enough it holds
P (SleLA(n(;o) =15)>1- e

This follows from simple martingale arguments; we postpone the proof to Appendix [A]
We use the following crucial observation throughout this section.

Lemma 3 (Coupling Between ARW On Z And ARW Killed On Exiting An Interval).
Let S(ndp) and u,, denote the stabilization of ndy and the odometer function respectively,
using i.i.d. stacks p = (pg(k))zezr>1- For an interval I = (a + 1,b — 1) N Z, denote
by Fy the event that IDLA, starting from ndy and using the same stacks p, fills I. For
nonnegative integers | and r let 10, + 17 + rdp denote the configuration consisting of one
active particle at each site of I, together with | active particles at a and r active particles
at b. Denote by Sf(léa + 17 + rdp) its stabilization with killing on 01, using i.i.d. stacks
p = (pe(k))zezk>1- Then there exists a coupling of p and p such that for all | and r, on
the event Fr N {uy(a) =1, un(b) =1} it holds

S(ndo)|; = S1(16q + 11 +18)| -

Proof. We build the stacks p from p as follows. Starting with n active particles at the
origin and i.i.d. stacks p, move the particles according to IDLA dynamics until they either
reach an empty site or reach 01 = {a, b}, where they stop. Note that if a moving particle
encounters a sleep instruction in this phase it discards it and looks at the next instruction,
since if it is moving it cannot be alone at a site. As soon as a particle finds an empty site in
I it stops there, while particles that reach 0I = {a, b} accumulate at @ and b. Assume that
this procedure fills I, i.e. the event F holds (if not the coupling is declared unsuccessful),
and denote by u; the associated odometer function, so that u;(x) counts the number of
used instructions at x if € I, and uy(z) = 0 otherwise. Then set

_ po(k+ur(x)) ifxel,
pu(k) = .
Pz (k) otherwise.
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ﬁ
n§ re
Lg {—g.........................g}
a1 0 b1 at1 0 b1
S(néN Sila+ 11 +718),
S S S S ) S s S S
a+1 0 b—1

FIGURE 1. An illustration of the equality S(ndo) ’I = S1(10g + 11 +763) ’I’

By Lemma [1} the shifted stacks p have the same distribution as p. It remains to show
that, under this coupling, stabilising the two systems will result in the same configuration
inside I. Recall that in the p system the particles move according to standard ARW
dynamics on Z, while in the p system they are killed on 9I. We therefore refer to these
systems as the standard system and killed system respectively. To argue that the coupled
stacks give the same stable configuration in I observe that we can evolve the standard
and killed dynamics together by firing both systems at the same site x if = € I, and only
the standard system if 2 ¢ I. In terms of particle trajectories, this is equivalent to saying
that each time a particle crosses JI in the standard system, a particle gets killed and a
new one starts from the same site in the killed system. This results in indistinguishable
dynamics, and therefore in the same stable configuration, in 1. (|

We take I = I as in ([d), and build S(nd)| 7, as follows. First move the particles
according to IDLA in I killed at 0I7, which will result in the configuration 1 with
high probability by Lemma [2l Then, on the event {uy,(a) = l,u,(b) = r}, we stabilize
l6g + 1y, + rdp with killing outside I;. To implement this program we need an a priori
bound on the ARW odometer function.

Lemma 4 (A Priori Upper Bound On The Total Odometer).

P (Z Up(x) > n4> <n 2

TEZ

for n large enough.

Proof. By the least action principle it suffices to exhibit a stabilization procedure with total
odometer bounded by n* with high probability. To this end, note that forcing particles
to wake up can only increase the total odometer. We therefore proceed as follows. Let
G denote a geometric random variable with parameter A/(1 + ), and choose C) large
enough so that

P(G > 2C\logn) < n~7/2

for n large enough. Set A = 2[C) logn]|. We release n particles from the origin one at the
time. Each particle performs a simple random walk on Z, until reaching an unoccupied



10 L. LEVINE AND V. SILVESTRI

site of the A-grid {kA : k € Z} where it stops, thereby changing the site into occupied.
Note that this is equivalent to running IDLA on Z with particles only allowed to stop on
the A-grid. At the end of this procedure all particles are at distance A one another. We
release them, evolving the particle system according to ARW dynamics. By the choice of A
all the particles will fall asleep before they are able to interact, which entails stabilization.

S/
O 10000000000000

J/IDLA on the A grid

Yo 3=

FIGURE 2. An illustration of the proof. The particles are spread enough
so that their trajectories do not intersect before they fall asleep.

This procedure takes total odometer

n

> (T + Gr),

k=1

where T}, and G}, denote the time it takes for the k' walk to occupy a site of the A-grid,
and to fall asleep when released, respectively. Note that

P < max Gy > A) < n=%/2
1<k<n

for n large enough, by the choice of A. Moreover, if T}, denotes the time it takes for the
k" random walk to reach distance kA from the origin, we have that

n n B
Z Ty < Z T,
k=1 k=1

with the advantage that the T}’s are independent random variables. We use that by [10],
Proposition 2.4.5,

P (Tk > (kAlog n)2> <n o2
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for all k < n, and n large enough. Thus

P (Z(Tk—i—Gk) > n4> <P (ka—i—nA > n4> +n 02

k=1 k=1

<P (Z(k}A log n)2 +nA > n4> +on %2 <2
k=1

for n large enough, which concludes the proof. O

Let B (as in bound) denote the event of the above lemma, and F' (as in fill) denote the
event of Lemmal[2] We are now in position to show that S(ndy) has low density on I with
high probability.

Step 1. Recall that for a stable ARW configuration n on Z

| :== {a : n(x) > 0}

counts the number of sleepers in 1. Fix ¢ € (0,1) small enough so that (;;, +J < 1. We
will choose § later depending on (;;, and €. Define the good event

By =BNFN{Snd)| < (Cin + 8)#I1}. (5)

Lemma 5. For n large enough
P(ES) < n=3/2,

Proof. We have
P(Ef) <P(B°) + P(F°) + P(BNF N {|S(néo)|r, > (Cin + 6)#N}).

By Lemmas 2] and [4]

P(B%) +P(F°) < 2n°%,
so it remains to bound the third term above. Write Iy = [a; + 1,b7 — 1] so that 0I; =
{a1,b1}. We union bound over all possible values of the odometer function on 0I; to find

P(BNFN{[S(ndo)lr, > (Cin + 6)#11}) <

nd
< Z P(BNF Nug(ar) =L un(by) =7,18(ndo) |1, > (in + 6)#11)
l,r=0
nd
< Z ]P)(‘SII (l5a1 +15, + T(Sbl)‘ll > (Cm + 5)#11)
I,r=0

< TLBP(‘Sh(]lh)’ > (Cin + 6)#11)

Here the third inequality follows from Lemma [3] To explain the last inequality note that
to build Sy, (16a, + 11, + 7“5(,1)’[1 we can first move the particles starting on 0I; (if any).
If they fall inside I; they will walk until returning to dly, at which point they die. If they
fall outside I they can never enter I; again, as they are killed on 0I;. Once we have let
all the particles starting on 0I; either die or settle (i.e. fall asleep at an empty site) we
are left with having to stabilize 17, inside I, hence the bound.
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Now by Definition [2| we can take #1I; (or equivalently n) large enough that (;, + 6 >
Gin,r; + 0/2, which gives
P(’Sh (111)‘ > (Cm + 5)#11) < ]P)(‘SII (]111)| > (Cin,h + 5/2)#11) < (#11)7207

and thus
P(ES) < 2072 4 nS(#1;) "2 < n=3/2

for n large enough. O

General step. We will define events £1 O Ey O E3 O --- by induction. For j > 2
assume F;_1 has been defined so that on E;_; there is an interval I;_; 2 I such that

1S(ndo)|1,_y < (Gin + 6)#I1.
If

n
Ii_1>
#J I_Cin+5

stop and set K = j—1 (here K denotes the number of steps in the stabilization procedure).
Otherwise K > j and

(1 —3e¢)

n —[S(ndo)|r,_, > 2ne. (6)
On the event £;_1N{K > j} write I[;_1 = (a;j—1, bj—1) for integers a;_1,b;—1 € [=n/Cin,n/Cin].-
Then we define I; O I;_1 as follows. For integers r_, [ < n* on the event
Ej 1 n{K = j} N {un(aj-1) = r— up(bj-1) = 1-}
let 13" be defined by

IDLA IDLA
SIPLA b ) =1 SEPH (b, ) = L.

If \I]i] < ne then set I;" = for all k > j. Note that by (6) at least one between If and
I;” must be non-empty. Then define
Li=I; UL VI, (7)
and
Ej = Ej_1 0{|S(ndo)l 11,y < (Gin + 0)#(L; \ Ij-1)}- (8)
Thus on E; N{j < K} the stable configuration S(ndp) has density at most ;, + 0 on the
interval ;.

K mA KA B
00000 —0o— 60— 0606—06—000-0-0-0-0-0-0—
a; a;i_ . .
J Ij_ j—1 0 bf_l If br7
J

FIGURE 3. An illustration of the construction of I; from I;_;.

Lemma 6. For all j > 2
P(E;1NESN{j < K}) <n™3/2

for n large enough.
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Proof. We use the union bound to fix the intervals Iji together with the odometer values
on their boundaries, at which point the result follows by similar arguments to those of
Lemma Fix sites aj—1 < 0 < bj_1 with max{—ajfl, bjfl} < n/(in, and odometer values
0<r_,l4 < n*. Then we have

P(Ej—1NE;N{j < K}N{lj—1 = (aj-1,bj—1),un(aj-1) = r—,un(bj—1) = I+})
< ZIP’(un(aj_1) = T_,S(I,Dogjzjfl)(r—(sajq) = ]l(aj7aj71), ‘S(n50)‘(a]',aj71) > (Gin + 6)]aj — aj—l‘)

aj

+ > P(un(bjo1) = 1 Sl Y ooy 14+86;1) = Lo,y ) 1S(000) 5,1 ) > (Gin + 8)[bj — bj—1).-
b

We bound each term in the first summation as follows. Denote by p = (pg)rez the

> for the odometer function associated to

underlying stacks of instructions, and write u2°

SIDLA
(—o0,a5-1)
r_ particles can fill an interval of length at most r_ < n? to the left of a;j—1. We defined

the stabilization (r—6a,_,)- Then uf® is supported in [a;_1 —n*, a;_1], since the

the shifted stacks of instructions p = (pg)rez by setting

. pa(k + w2 (x) if o <aj_q,
pz(k) =
Pz (k) otherwise.

Then on the event {u,(aj—1) = r_,S{Pog‘ij_l)(r_éaj_l) = 1(4;,0;_,)} We have that

S(néo)‘(—oo,aj_l) = S(—oo,aj_l) (1([1]',(1]'_1))7

where S 7(n) denotes the stabilization of 1 according to stacks p with killing upon exiting
1. This gives

P(un(aj-1) = r—, SO0 ) (r=8a; 1) = Liaja;_1)s [S(100)|(a;.0;_1) > (Gin + 0)]aj — aj-1])

= P(S(I*Dogj?ljfl)(r_éaj—l) = ﬂ(aj»aj—l)’ ’S(—Oqajfl)(1(%7%71))’(%‘7%‘71) > (Gin + 5)’% - aj—lD
< P(|S(—oo,aj,1)(1(aj,aj,1))|(aj7aj,1) > (Cm + 6)|aj - aj—1|)7

where the last inequality follows from the Strong Markov Property. Similarly one shows
that

P(un(bj1) = 1, SEPEA L (U48,) = Lo,y b)), [S(100) b,y 5y) > (Gin + )by — bj1])
< P(IS(b; 1 400) (Ltty 1,5, (b;-1.8;) > (Cin 4 0)|bj — bj—1]).
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From this, with a similar argument to that of Lemma [5 we get
P(Ej1NE;N{j < K} {lj—1 = (aj-1,bj-1),un(aj-1) = r—,un(bj—1) = 1+})
<Y P800y 1) Magiay1)l(agay_1) > (Gin + O)laj — aj_1])

+ZP(\3(bj,1,+oo)(]1(J Lo))ibs-1.8) > (Gin + 0)Ibj = bj1])
bj

< Z P(un(aj) =1, [Stay.a5-1)Laj.a;-1) +1-0a;)l(a5,a;-1) > (Gin +0)]aj — a;-1)
+ Z P(Un(b ) =r4, |S bj—1,b; )(]l( bj—1,b5) +T+5b )’(b] 1b;) = (Gin +6)|bj — bj— 1|)

< Z P("S(aj,ajfﬂ(]l(aj,aj71))|(aj,aj71) > (Gin + 5)|a’j - a’j—lD
aj,l—

+ Z ‘S(ba 1,b; (j,l,bj))|(1 1,b; > (Gin +6)|bj — bj— 1‘)

b] T+
< 2n8(n€)720 _ 28720771712

for n large enough. Here again the third inequality follows by evolving all the particles
starting on boundary sites until they die, as in the proof of Lemmal5] Moreover, in the last
inequality we used that [_,r, < n?, so there are at most n® choices for the pair (aj,bj).
This gives

P(Ej_l ﬁEC- N{j < K})
Z Z Ej_ 1OECO{]<K}O{IJ 1—(% 1,bj— 1), un(ay 1) =71- Un(b 1) =

aj— 1’b] 17'—al+

220

S 5
in

n=2 < p32

for n large enough, since on the event {j < K} there are at most n/&;, choices for both
aj_l and bj_l. O

Now, on the event E; N {j < K} we have

|S(ndo)lr; < (Gin + 0)#1;.
If

#IJ_C

stop and set K = j. Otherwise K > j and we move on to the next step.

(1 —3¢)

Closing the iterative scheme. It remains to bound the number of iterations. Write
L; = #1I; for all j > 1. Let Ky > 2 be and integer to be chosen later. On the high



HOW FAR DO ACTIVATED RANDOM WALKERS SPREAD FROM A SINGLE SOURCE? 15
probability event Ex, N {Ky < K} the following inequalities hold for n large enough:
Ly =2 Lg(l—s)J t1>n(l—¢)—1>n(l-2e),
Ly > L1 +n—|S(ndo)l|r, — Zn >n (1 - %)
Ly > Ly +n = |S(ndo)|1, > n (1 %) 4 (1= Cin — 8)Lo

Zn(l_%) [1+(1_Cm_5)]+(1_gzn_(;)zL

Ko—2
9 ; _
Ly 2 (1= 2) | 3 (1 G 007 + (1= G - 0 1Ly
=0

1 1 C S\Ko-1
Zn(1—25)[cm+5—(Cin+6—1>(1—§m J)

n(l—2e) K
= — - 1 — 1 — . — 5 0 .
Choose Ky large enough, depending only on (;,, and ¢, such that

(1= G — 00 <, 9)
to have that

n(l—2¢)(1—e¢) S "

Ly, > 1-—3¢e).
fro = Cin +0 _Cm+5( )
Recall that K was defined in the previous subsection as
K::inf{]>2 #1; > (1—36)} (10)
CZ'IZ

Then the above argument shows that on the high probability event Ex, N {j < Ko} we
have K < Kj.

Proof of the inner bound. Let I} and E; be defined as in and respectively, and for
J > 2 inductively on the good event F;_1 N {j < K} define I; and E; as in and .

We take
Cing
1)
< (0’ 1—4e|’
to have
n n
Lig > 1-—3¢ — (1 — 4e).
Gt T3 =g 0
This shows that
n
{Iswpptun)l = 0~ 42| 2 B

Hence by Lemmas [f] and [f]

KO KO
P (supp(un)] < l(l — 5)) < ZIP’(Ej_l NE;N{j <K}) < Zn*?’ﬂ < p o/

o j=1 j=1

for n large enough. The inner bound now follows by replacing ¢ with /4 throughout. O
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Remark 2. With the same arguments we can get an inner bound that holds with higher
probability in n. More precisely, for any v > 0 we can define

Gin,1(7) := inf {< > 0:P(IS1(17)] > CH#I) < (#1)~(+20 } 7
and
Gin() == limIsup Cin g (7),

to have that for any e > 0

for n large enough.

5. THE OUTER BOUND

To prove the outer bound in Theorem [I| we show that the ARW odometer w,, is stochas-
tically dominated by the sum of two auxiliary odometer functions, corresponding to an
IDLA process on a Bernoulli site percolation, and to the ARW stabilization of a subcritical
Bernoulli configuration on Z.

Fix ¢ € (0,1), and enlarge the probability space to include an independent Bernoulli(¢)
site percolation n € {0,1}%, where each site # € Z is declared open (n(z) = 1) with
probability ¢, and closed (n(x) = 0) with probability 1 — ¢. Write P¢ for the product
measure P x p¢, where IP is the law of the stacks of ARW instructions (3]) with sleep rate
A, and pe = [[,ez((1 = ¢)do + ¢01) is the law of the site percolation 1. Write E¢ for
expectation with respect to P¢.

We interpret 7 as an ARW particle configuration, consisting of exactly one active particle
at each open site. Denote by w : Z — N U {oo} the ARW? odometer of  on Z.

The next result bounds the odometer w under P, on large intervals, for ¢ < (ou.

Lemma 7. For any ¢ € (0, (out) we have

P, <Sup w(z) > - 3) <r 32

for r large enough.

Proof. Since ¢ < (ou we have that E¢(w(0)?) < C for some finite constant C' > 0. Hence

xEBr

9
<C@r+ 1)—(105’?) <r 2
T

for r large enough. O

We are now ready to explain the proof of the outer bound, which consists in stabilizing
the configuration ndy in two phases. To start with, sample an i.i.d. Bernoulli({) site
percolation configuration on Z, with

C = COut - 67
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0 small to be chosen later. In the initial (-IDLA phase we move the n particles one at
the time: each particle walks until it finds an unoccupied open site, where it stops. Note
that this is equivalent to IDLA dynamics with particles only allowed to stop at open sites.
Thus in this phase if a particle tries to fall asleep before reaching an unoccupied open site
we force it to wake up, which, by Proposition [3|, can only increase the odometer.

Definition 4 (¢(-IDLA odometer function). We let v, : Z — N denote the odometer
function of the (-IDLA phase, that is v,(x) counts the number of instructions used at x
until stabilization.

We remark that the odometer function counts the number of sleep instructions too,
although they have no effect on the IDLA dynamics. The next lemma tells us that v, is

supported in a ball of radius ZCZM (1 + ¢), with high probability.

Lemma 8. For anye >0

P, (supp(vn) CB_n (1+s)) > 1 — ¢/ (logn)?

2Cout

for n large enough.

This follows from Theorem [6] in Appendix [A] by taking ( = (ut — d and choosing
0 = 6(Cout, €) such that

n

(1 * 26) - 2C0ut

72&0%_5) (1+¢).

—eo——e oo o oo | o oo o oo o o

QC,:Lut (1 + 5) 0 24?1&1, (1 + E)

FIGURE 4. An illustration of the particle configuration at the end of the
¢-IDLA phase.

At the end of the (-IDLA phase we are left with a configuration of n active particles,
supported on the open sites of the ball Bﬁ(l—i—a)' It only remains to stabilize such a
configuration. By Abelianness of ARW, assuming that each open site of the Bernoulli
configuration n on Z contains an active particle cannot decrease the ARW odometer.
Hence we obtain

Uy < Uy + W,

with the inequality holding pointwise in both the site z and the Bernoulli configuration 7.
By Lemma 3]

n
2Cout

for n large enough. We combine this with Lemma [7], which bounds w. Let

P, (un($) < w(z) for all |z| > (1+ 5)) > 1 — ¢/ (logn)?

. n
2 Cout

(1+¢), r

T_—

n
T (1+ 3¢). (11)
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Then

r r
P sup up(z) > —= | =P sup  unp(x) > —=
<zeBT\BT (@) (108;7“)3> ¢ (mBT\BT (@) (108;7“)3>

< P¢ (supp(vs) € By_) +P¢ (f;lg w(@) > (10; r)3)

< e—n/(logn)2 +T_3/2 < n—5/4

for n large enough. In the first equality we have used that the odometer function wu,, is
independent of the Bernoulli percolation configuration. It only remains to show that on

the event
r

sup - up () <
z€B,\B_ " (logr)?

it is unlikely that max{u,(—r),u,(r)} > 0.

Proof of the outer bound. Let r_,r be defined as in above, so that r — r_ = ne/(out.

We restrict to the event
n
sup  up(zr) < —,
c€B\By (logn)?
which holds with P-probability at least 1 — n~5/% for n large enough. On this event
n

(logn)?”

max{u,(—r-), up(r-)} <

We prove that
P (un(r) >0, up(r-) < (lognn)2> <n?
for n large enough, arguing as in the proof of Lemma |4 The same bound holds for the
specular event, as follows from the same arguments.
Observe that, by the Abelian property, we can build the stable configuration S(ndp) on
[r_,+0o0) as follows. Let N < n/(logn)? be arbitrary but fixed. On the event u,(r_) = N,
release N particles from r_ according to the following rules:

(i) Particles that move to the left of r_ on the first step die.
(ii) Particles that move to the right of 7_ on the first step evolve according to ARW
dynamics, with killing upon returning to r_.

Note that forcing particles to wake up during this procedure can only increase the prob-
ability that wu,(r) > 0. Take C) to be a positive constant such that A = 2C) logn is an
integer, and if G ~ Geometric(A/(1+ X)) then

P(G>A/2)<n™®

for n large enough. We mark all the points of the form

A

Note that K > N. Then on the event {u,(r—) = N} we release N particles from r_
according to (i)-(ii) above, except if a particle which is alive (and hence necessarily to
the right of r_) tries to fall asleep at a non-marked point, we force it to wake up, while

{r-+kA:1<k<K}, forK-= V‘“J ~1.

if a particle reaches an unoccupied marked point we stop it there. At the end of this
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procedure we are left with at most N active particles, at most one for each marked point.
We let them evolve until they all settle. By the choice of A, the probability that at least
one of them travels by more than A/2 steps before trying to fall asleep is at most Nn~=°.
But since the marked points are A-spaced, if all the particles travel by at most A/2 they
cannot interact, so they all manage to fall asleep, and u,(r) = 0. Hence

[n/(logn)?]

n
P <un(r) >0, up(r-) < (logn)2> < sz:l P(un(r—) = N,un(r) > 0)
[n/(logn)?]
< Z Nn~° < n2
N=1
for n large enough. O

Remark 3. With the same arguments we could get an outer bound that holds with higher
probability in n, at the price of changing the definition of (out. More precisely, for arbi-
trarily large v > 0 we can define

Cout(y) :==sup{¢ > 0: Eg(w(0)7+2) < oo}

to have that any € > 0

P (supp(un) - Bc n (1+s)> >1—-n""

out (V)

for n large enough.

APPENDIX A. IDLA RESULTS

In this section we collect shape theorems for standard IDLA on Z, IDLA with killing
upon exiting a given interval, and IDLA on Bernoulli percolation.

A.l. IDLA on Z. Let A(0) = {0}, and for n > 1 write A,, for the IDLA cluster on Z
obtained by adding n particles to A(0), all starting from the origin. Then

A, =A,-1 U{X,},
where X,, denotes the exit location of the nt* random walk from A,,_;. Write
Ay = [—an, by, n >0
so that ag = bp = 0 and a,, + b, = n for all n > 0. Then

bp+1  (n+1
n+2 \n+2

E(bpt1]|Fn) =bn +P(Xpt1=bn+1)=b, +1— > (b + 1).

It follows that if

n(n+1)
2 9

then the process (M )n>0 is a martingale with respect to the same filtration. Moreover,

M, = (n+1)b, — n>0

|My, — Mp—1| = |n(by — bp—1) — (R = bn)| < n

for all n > 1.
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Theorem 4 (Azuma-Hoeffding). Let (X,,)n>0 be a martingale with respect to the filtration
(Fn)n>0, and assume that | Xy — Xp—1| < ¢ almost surely, for all k > 1. Then for all
n>1andalld >0

52
P(1X,, — Xo| > 6) < 2exp <—> .
" 23k
We apply the above inequality with ¢; = k and § = n3/2t, to get

n2 .
P(M,| > n¥/+) < 2exp (—2) <o

where the last inequality holds for n large enough. Since on the high probability event

{|M,| < n3/?*%} we have that
b, 1

n 2 n 2
this proves the following shape theorem for IDLA on Z.

= )

An 1‘ < n71/2+5,

Theorem 5. Let (A,)n>0 denote an IDLA process on Z starting from A(0) = {0}, and
write B, for the discrete ball of radius r on Z centred at 0. Then for all € > 0 it holds

P(Bn/Q—n1/2+5 CA,C Bn/2+n1/2+g) >1-— e_nE’ (12)
for n large enough.

A.2. IDLA with killing upon exiting /. We now use the same martingale to prove an
analogous result for IDLA stopped upon exiting a given interval. Fix § > 0 and let

I= [-%(1 —4), gu - 5)} .

We write (A,)n>0 for the IDLA process on Z starting from A(0) = {0} with particles
killed upon exiting the interval I. If A4,, = [—an, En], let

T:inf{nzo;énzga—cs) oran:gu—a)}

denote the first time the cluster reaches the boundary of I. Then up to time T we can
couple the process (A;)n>0 with a standard IDLA process (Ay)n>0 so that A,, = A, for
all n < T.

Fix ¢ € (0,1/2) and take n large enough so that holds. Then with probability
exceeding 1 — e~ we have that for all k < n(1 — §)(1 — n~1/2+%)
< ”(12— 5)(1 _ /242y pl/2e < ”(12— §) nl/2te.
which implies T' > n(1 — 6)(1 — n~1/2+2),

Assume that by = (1 — §). Then on the high probability event T' > n(1 — 0)(1 —
n—1/2+22)

bk < bn(l_g)(l_n71/2+25)

ar =T — by > g(l —8)(1 — 2n V242,

so that #(I\ Ar) < n'/2t2¢. Moreover, since necessarily T' < n(1—4¢), at time T there are

still at least nd particles to be released, with killing upon exiting I. In order for A,, = I it

1/242¢

thus suffices that at least n of them settle before reaching the right boundary of 1.
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Since out of né random walks the number of walks that reach —% (1 — §) before % (1 — 9)
is a Binomial random variable B(nd, 1/2), we find

< e—n5/10

_ 3
e 1—|—l>n en1/2+25

P(B(né, 1/2) < n}/2+2) < (e~ BOo1/2)yn /272 < ( :

for n large enough. In all,
P(A, € I) <P(T < n(l —08)(1 —n~ 2 2)) £ P(B(nd, 1/2) < n'/?28) < 2¢7™°

for n large enough. This proves Lemma

A.3. IDLA on Bernoulli percolation. Let (w,).cz denote a Bernoulli(p) vertex per-
colation configuration, in which each vertex z € Z is open (w, = 1) with probability
p € (0,1), and closed (w, = 0) with probability 1 — p. We let (A%),>0 denote an IDLA
process starting from Afj = {0}, with particles only allowed to settle at open sites of the
percolation configuration, and refer to such a process as p-IDLA. Denote by P, the dis-
tribution of the p-IDLA process, averaged on the environment. We further let v,, denote
the odometer function associated to the stabilization of the initial particle configuration
1 = ndy consisting of n active particles at the origin. Note that here all the stack instruc-
tions are movement instructions, so that v,(z) counts the number of particle emissions
from x until stabilization. For p-IDLA we have the following shape theorem.

Theorem 6. For all € > 0 and n large enough,
—n ogn 2
P, (B%(l,s) C supp(vy) C B%(Hs)) > 1 — e n/(ogn)?

A similar result appears in [6], Theorem 4, where the focus is on higher dimensions.
Since in dimension 1 the proof is substantially simpler, and we need quantitative estimates
that do not appear in [6], we include it here for completeness.

Proof of the inner bound. Fix ¢ > 0 as in the statement. Let us say that a particle
settles when it first reaches an open empty site. Following Lawler, Bramson and Griffeath
[10], we think of the random walks’ trajectories as continuing indefinitely, even after the
corresponding particles settle. Then for arbitrary z € B%(l,g) define

N, = Z ]l{The k" walk reaches z before settling}
k=1

n
M, = Z ]l{The k'™ walk reaches z before exiting B,, /2p}
k=1
n

L,= Z ]l{The k" walk settles before reaching z, and reaches z before exiting B,, /QP}.
k=1

Then N, > M, — L., and so
P, (z ¢ supp(vy,)) =Pp(N, =0) < P,(M, <a)+Py(L. > a) (13)

for a € R to be chosen later.
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Let P, denote the law of a simple random walk on Z starting from x, and write 7, and
TB, 2 for the hitting time of 2 and the exit time from the ball B,, o, respectively. Then

n

% np
E, (M,) = npP < = >
p(Mz) = npPo(7 7-Bn/%) np<2,;+|z> —2—c¢

where the last inequality holds for n large enough. Moreover, if

L.= Y wyly(r: <7s,,,)
yeBn/Zp

then L, < iz, and

E,(L.) < Ep(L;) =p Z Py(2 <7B,s,)-
yeBn/Qp

Let f denote the piecewise linear function whose graph in [—1/(2p), 1/(2p)] consists of the
two line segments connecting (—1/(2p),0) with (|z|/n,1) and (]z|/n,1) with (1/(2p),0).
Using the integral approximation

1

2p

Py(r: <78,,,,) = ) f(z)dz + o(1)
T 2p
as n — oo, we find
.1 1
Py <78, = 5

from which

np ~ np €
"o <E Lz<—<1 7)
P12 < Byl <P (14

for n large enough. Then using a standard concentration inequality for sums of indicators
(see [1], Corollary A.1.14), we obtain that there exists c. > 0 such that

By (3. <500 (1+.5) <2 (. <5,000 (1 )

n
<2exp{—c:E,(M,)} <exp {_logn}

and

P, (I:Z > E,(L,) (1 + Z)) < 2exp {—cEEp(jLZ)} < exp {_logn}

for n large enough. This shows that taking a = Ep(iz) (1+2)in yields

n n —MN ogn 2
P, (B%(lfa) g Sum(vn)> < —exp {—logn} < g7/ (logm)

for n large enough, which proves the inner bound.
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Proof of the outer bound. Fix € > 0 as in the statement. Then for A > 0 small enough
2
Pp< Z w(z) < n(l - i) ) < Ep(exp{ - A Z w(x)})e)‘"(l_g/4)2
IEBQLO,%) IEBLQ,Q)
P 2p 1

Ny A=e/n(l=e/0)? o =An(l—2/De/t < o~ Togm

=1 —p+pe

for n large enough. It follows that

s> <
5 )<

< Pp< Z w(x) < n(l _ Z)2> +P, (B%(1—a/4) ¢ supp(vn)> < 2¢ Togn

2eBra-5)

Pp(‘Afz \Bza-g)

(14)
for n large enough. On the high probability event

ne

[AR\ Bp )| < > (15)

at most ne/2 particles settle outside the ball of radius 5-(1 — 7). We now show that,
even if they all settle on one side, the outer bound is satisfied with high probability. To
this end, let (Ak)kez\{o} denote the gaps between consecutive open sites to the right of
l35(1 = 7)) if k>0, and to the left of —[5:(1 — )] if k£ <0.

A_Q A_l A1 AQ A3
- 17171
————— | ¢ oo | o oo oo o oo
~lg (1 +9)) 0 B

FIGURE 5. An illustration of the Aj notation.

Then on the high probability event it must be

CB ne ne .
Supp(vn) = %(1*%)+max { Zk:/f A]g, k:/12 A,k}
It thus suffices to show that

ne/2 ne/2

ne £ __n_
p,,<max{ > A ;Ak} > 2p(1+4)> < 90T

for n large enough. To this end, let (G)rez\ {0} be a sequence of i.i.d. Geometric(p) random
variables, and note that since A; < G1, Ay =< G2 we have the stochastic domination

ne/2 ne/2 ne/2 ne/2

ZAijGk, ZA—ijG—k;-
k=1 k=1 k=1 k=1
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Thus, choosing A > 0 small enough depending on p and &, we find

ne/2

P(>Y G2 Z—;u +e/4) | < [BE)"Pexp{ - 2
k=1

2p

e ne/2 n
- (1_(]1?_17)6)\) exp{—?;(1+€/4)}

exp{ - Z—;(l +6/8)} < e Town

(1+2/4)}

for n large enough, which concludes the proof.
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