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Abstract

Locally Markov walks are natural generalizations of classical Markov chains, where instead
of a particle moving independently of the past, it decides where to move next depending on
the last action performed at the current location. We introduce the concept of locally Markov
walks and we describe their stationary distribution and recurrent states, and we prove several
properties such as irreducibility and ergodicity. For a particular locally Markov walk - the
uniform unicycle walk on the complete graph - we investigate the mixing time and we prove
that it exhibits cutoff.
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1 Introduction

Consider the lattice Z2, where each vertex is equipped with an arrow pointing toward one of its
four neighboring vertices. A particle then moves according to the following rule: when the particle
is at site x, we first rotate the arrow at x clockwise to the next neighbor of x, and then move the
particle along this updated arrow. This deterministic process is known as a rotor walk. If, instead,
the updating of arrows is randomized — depending only on the current orientation of the arrow —
then we obtain a stochastic generalization of rotor walks, that we call locally Markov walks.

The aim of the current work is to introduce and investigate locally Markov walks on graphs G =
(V,E) as stochastic processes that obey a weak form of the Markov property: if the walker’s
current position is x ∈ V , then the distribution of the next step depends on the previous exit
from x, thus interpolating between random walks (where the exits are i.i.d.) and their deterministic
analogues rotor walks (in which the exits are periodic). For such processes, we describe the stationary
distribution, eigenvalues, recurrent states, irreducibility, and mixing times. While locally Markov
walks admit a natural definition on infinite graphs, in this work we confine our analysis to finite
graphs, which enables the derivation of general results.

For locally Markov walks, a natural question is to determine which typical properties of Markov
chains carry over to this new setting and which are lost, given that these processes satisfy only a
weak form of the Markov property. A fundamental feature of Markov chains is the existence and
uniqueness of a stationary distribution together with convergence to stationarity; in Section 3.2, we
establish the existence of stationary distributions for locally Markov walks and in Proposition 3.6
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show that ergodic properties are likewise preserved. We also show that, in the limit, the one-step
transition probabilities of a locally Markov walk behave like single steps of a Markov chain.

To state the main results, we introduce locally Markov walks and their local chains; see Section 2
for further details. Let G = (V,E) be a finite, strongly connected, directed graph, and we denote
by Nx the neighbours of x in G. Consider a discrete-time random walk (Xn)n∈N on G, which is not
assumed to be a Markov chain. We call (Xn)n∈N a locally Markov walk if, for each vertex x ∈ V ,
the sequence of successive exits from x forms a Markov chain. For x ∈ V , let (τxk )k∈N denote the
sequence of successive visits to x, defined by τx0 := 0 and, for k ≥ 1,

τxk := min{j > τxk−1 : Xj = x}. (1)

The stopping time τxk represents the k-th visit of (Xn)n∈N to x. We then define

Lx(k) := Xτxk+1, (2)

so that Lx(k) is the location of the walk immediately after its k-th visit to x. The process (Lx(k))k∈N
is called the local chain at x. Thus, (Xn)n∈N is a locally Markov walk on G if, for every x ∈ V ,
the associated local chain (Lx(k))k∈N is a Markov chain. By enlarging the state space from V to
V ×V V and recording, in addition to the current position of the particle, the most recent exit from
each vertex, one obtains a Markov chain on V × V V , referred to as the total chain associated with
the locally Markov walk (Xn)n∈N. The total chain is uniquely determined by the collection of local
chains. We summarize below the main results of the paper.

Theorem 1.1. Let (Xn)n∈N be a locally Markov walk on a finite, strongly connected graph G =
(V,E). Assume that all local chains have strictly positive transition probabilities on Nx for all x ∈ V ,
and let Q = (qx(y))x,y∈V be the stochastic matrix indexed over V × V , whose row at index x ∈ V is
the stationary distribution of the local chain at x ∈ V .

(1)(Proposition 3.4) The stationary distribution of the total chain associated with (Xn)n∈N is ob-
tained from the q-weighted spanning unicycles of G.

(2)(Proposition 3.7) For all x, y ∈ V we have limn→∞ P(Xn+1 = x|Xn = y) = qy(x).

In Section 4, we analyze the uniform unicycle walk, defined as the Markov chain induced by the
simple random walk in which, on top of the particle location, we also keep track of all its previous
past actions at every vertex. On the complete graph, we show that the uniform unicycle walk
exhibits an abrupt convergence to stationarity, i.e., the cutoff phenomenon, and we compute the
spectrum of its transition matrix; see Section 4 for details. We establish the following result.

Theorem 1.2. The uniform unicycle walk on the complete graph Km with m vertices exhibits cutoff
at time m log(m), for m ∈ N.

Outline of the paper. In Section 2, we introduce locally Markov walks and show how some
known models can be described as locally Markov walks. We also introduce the most important
tool for studying locally Markov walks, the total chain associated to a locally Markov walk. This
construction embeds a locally Markov walk into an ordinary Markov chain framework. In Section 3,
we use the total chain description to study the recurrent states of locally Markov walks, to identify
the stationary distribution, and to prove Theorem 1.1. In Section 4, we analyze the total chain of a
simple random walk, derive the eigenvalues of its transition matrix for regular graphs, and establish
the cutoff phenomenon for the total chain on complete graphs, as stated in Theorem 1.2.
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1.1 Related works

Rotor walks. Our primary motivation for introducing and studying random walks with locally
Markovian step distributions was to generalize the rotor walk model, independently introduced
in [WLB96, PDDK96, Pro03]. Several results in Section 2 were inspired by analogous results for
rotor walks. In particular, the total chain construction for locally Markov walks, as defined in
Definition 2.2, corresponds directly to the framework used to define rotor walks. For rotor walks
on finite graphs, the recurrent rotor configurations correspond to unicycle configurations [HLM+08,
Corollary 3.5]. Hence, Proposition 3.3 extends this result to the broader setting of locally Markov
walks.

Excited random walks. Excited random walks on Zd are processes in which the walker has a
directional bias upon its first visit to a vertex, while on subsequent visits it chooses a neighbor
uniformly at random [BW03]. These walks have been further generalized to multi-excited or cookie
random walks, in which each vertex is equipped with a stack of cookies. Each cookie contributes to
a bias on the walker’s next step, and once all cookies at a vertex are exhausted, the walker moves
uniformly at random. Cookie random walks have been studied with different types of stacks present
at every vertex, including random but finite stacks [Zer05], infinite periodic stacks [KOS16], and
stacks with finitely many types of cookies arranged in a Markovian way [KP17]. Excited random
walks fall within the framework of locally Markov walks, whereas cookie random walks can be
represented as locally Markov walks via a multiple-edge construction as described in Remark 2.1.
See the survey [KZ13] for a collection of open problems on excited walks.

Reinforced random walks. Reinforced random walks are random walks in which the weight of
an edge e at time n depends on the number of times that edge has been traversed up to time n.
In [Dav90], it is shown that reinforced random walks on Z is either recurrent or it has finite range.
Reinforced random walks on trees have been investigated in Pemantle [Pem88]. Reinforced walks
do not fall within the class of locally Markov walks; however, they are closely related processes in
which the current behaviour is influenced by the past behaviour at the present location.

Tree walk. In [AT89], the author introduced a random walk on the set of spanning trees of a finite
graph, where the root of the tree performs a simple random walk at each time step and the edge
set is updated accordingly to preserve the spanning-tree structure. This “tree random walk” was
originally developed as a tool for proving the Markov chain tree theorem. Its construction is closely
related to the total chain associated with a simple random walk. In Section 4, we make use of this
connection to extend the eigenvalue results of [Ath96] for the tree random walk to the case of the
uniform unicycle walk.

2 Locally Markov walks

Let G = (V,E) be a locally finite, strongly connected, directed graph with vertex set V and edge set
E, and denote by ” → ” the neighborhood relation in G. For an edge (x, y) ∈ E we write sometimes
x → y, and for x ∈ V , we write Nx for the set of neighbors of x, that is Nx = {y ∈ V : x → y}.
Recall the definition of the random process (Xn)n∈N (not necessary Markovian), of the exit times
from Equation (1), and of the local chain Lx at x ∈ V as defined in (2).

Definition 2.1. A random walk (Xn)n∈N on G is called a locally Markov walk, if the process
(Lx(k))k∈N is a Markov chain for every x ∈ V .
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The initial state (Lx(0))x∈G of the locally Markov walk may be fixed or random. A locally Markov
walk satisfies a weaker Markov property: unlike a Markov chain, where the next step depends solely
on the current state, it also depends on the action taken the last time the walker was at the current
location.

Example 2.1. Excited random walk [BW03] on Z. An excited walk is a random walk that
has a drift in some direction when first visiting a vertex, and moves uniformly at random to the
neighbours on each subsequent visit. More precisely, the excited random walk on Z with drift of
magnitude ε > 0 to the right can be modeled as a locally Markov walk as follows. Let each n ∈ Z
have the three neighbours n+1, n−1 and n itself, i.e. we introduce self-loops for technical purposes.
The local chain at n ∈ Z has state space {n− 1, n, n+ 1} and the transition probabilities are

p(n, n+ 1) =
1 + ε

2
, p(n, n− 1) =

1− ε

2
, p(n, n) = 0,

if the previous exit from n was to n itself and

p(n+ 1, n+ 1) = p(n+ 1, n− 1) = p(n− 1, n+ 1) = p(n− 1, n− 1) =
1

2
,

in all the other cases. Then the locally Markov walk with the above local transition probabilities
starting from vertex 0 with initial states (Ln(0))n∈Z of each chain pointing to itself, i.e. given by
Ln(0) = n for every n ∈ N, is an excited random walk with initial right drift.

Example 2.2. Rotor walks on cyclic graphs. For m ∈ N, denote by Cm the cycle graph with
vertex set V = {0, 1, ...,m − 1} and edge set given by E = {(k, l) : k = l + 1(mod m) or k =
l − 1(mod m)}. Define a deterministic walk (Xn)n∈N called rotor walk or rotor-router walk on Cm
as follows. Let X0 = 0 and ρ0 ∈

∏
x∈V Nx; we call ρ0 the rotor configuration at time 0. Given

the location Xn of the walker and the rotor configuration ρn at time n ≥ 0, one step of the walk
consists of the following: the walker changes the rotor configuration ρn(Xn) at the current location
to the other neighbor of Xn, then the walker moves to this new neighbor. That is, at time n + 1
the rotor configuration and the particle (walker) position are

ρn+1(x) =

{
ρn(x), x ̸= Xn

Nx \ {ρn(x)}, x = Xn

,

Xn+1 = ρn+1(Xn).

The rotor walk (Xn)n∈N is a deterministic example of a locally Markov walk, as the only information
needed to perform a step is the current location of the walker and the rotor at this location. For

each ℓ ∈ Cm, the local chain Lℓ at ℓ is a deterministic walk on {ℓ−1, ℓ+1} with transition
(
0 1
1 0

)
.

Example 2.3. p-walks [HLSH18] on Z are locally Markov walks that generalize rotor walks, in
which at each time step the probability of the rotor being broken is p ∈ (0, 1). So a p-walk evolves
as a rotor walk with probability p, and with probability 1−p the rotor does not work and the walker
moves to the neighbor the rotor is pointing at. Thus for each ℓ ∈ Z, the local chain Lℓ at ℓ is a
Markov chain with state space {ℓ− 1, ℓ+1} that stays at ℓ− 1 (respectively ℓ+1) with probability
1− p and moves from ℓ− 1 to ℓ+ 1 and from ℓ+ 1 to ℓ− 1 with probability p.

Remark 2.1. Random walks with hidden local memory. Inspired by the study of hidden
Markov chains, one can generalize the locally Markov walks, so that the local state remembers more

4



than the last exit. Suppose that each x ∈ V is endowed with a local countable state space Sx, and a
hidden mechanism Hx = (hx(s, t))s,t∈Sx which is a Markov chain on Sx with transition probabilities
hx(·, ·). Furthermore, for every x ∈ V a jump rule as a function fx : Sx → Prob(Nx) is given, where
Prob(Nx) is the set of probability distributions on Nx. A hidden state configuration κ is then a
vector indexed over the vertices V with κ(x) ∈ Sx for all x ∈ V . We can then define a random walk
with hidden memory as a Markov chain (Xn, ρn, κn)n∈N with the following transition rules: given
the state (x0, ρ0, κ0) at time 0, for every n ≥ 1

(i) κn+1(x) =

{
Kn, if x = Xn

κn(x), else
, (ii) ρn+1(x) =

{
Yn, if x = Xn

ρn(x), else
, (iii) Xn+1 = Yn,

where, given Xn = x, Kn is a random element of Sx sampled from the distribution hx(κn(x), ·)
independent of the past and Yn is a random neighbor of x sampled from fx(Kn) independent of the
past. Intuitively, at each time step the walker at x first updates its internal state s to state t ∈ Sv
with distribution hx(s, t), and then it jumps to a random neighbor of x with distribution fx(t).

Multiple edge construction of the hidden Markov model. The random walk with hidden
local memory can be seen as a locally Markov walk in the sense of Definition 2.1, if we allow the
graph to have multiple edges labeled by the internal states. We describe shortly this construction.
Let G′ be the graph obtained from G = (V,E) in the following way. The vertex set of G′ is V , and
there is an edge from x to y labeled by s ∈ Sx if (x, y) is an edge in G; we denote this edge by
(x, y)s. We define a local transition rule at x for y, z ∈ Nx and s, t ∈ Sx by

m′
x((x, y)s, (x, z)t) := hx(s, t)fx(t)(z),

where hx is the transition rule for the internal states at x and fx is the jump rule in the hidden
Markov model. The locally Markov walk (X ′

n)n∈N on G′ with local transition rules m′
x for all x ∈ V

is a random walk with hidden local memory (Xn, ρn, κn)n∈N in the sense that (X ′
n)n∈N

d
= (Xn)n∈N.

Example 2.4. Cookie random walks [BS08]. An example of a random walk with hidden
local memory is the cookie random walk, also sometimes referred to as multi-excited random walk.
Intuitively, the cookie random walker first has to eat through a stack of cookies at each vertex
before it starts to move uniformly at random. To model this as a locally Markov walk on Z, first
we fix some M ∈ N and numbers p1, p2, ..., pM ∈ (1/2, 1]. For each n ∈ Z, connect n to n + 1 via
M +1 edges denoted by en,n+1

i for i ∈ {1, ...,M +1}, as well as to n− 1 via M +1 edges en,n−1
i for

i ∈ {1, ...,M + 1}. Then the local transition probabilities of the chain at n ∈ Z are given by

p(en,n+1
i , en,n+1

i+1 ) = p(en,n−1
i , en,n+1

i+1 ) = pi, p(en,n+1
i , en,n−1

i+1 ) = p(en,n−1
i , en,n−1

i+1 ) = 1− pi,

for all 1 ≤ i ≤M and

p(en,n+1
M+1 , e

n,n+1
M+1 ) = p(en,n−1

M+1 , e
n,n+1
M+1 ) = p(en,n+1

M+1 , e
n,n−1
M+1 ) = p(en,n−1

M+1 , e
n,n−1
M+1 ) =

1

2
.

The locally Markov walk with these local transition probabilities starting at 0 with initial states
(Ln(0))n∈Z given by Ln(0) = en,n+1

1 for all n ∈ Z is then a cookie random walk on Z. A simple
modification of the transition probabilities also allows us to treat cookie random walks with infinitely
many periodic cookies [KOS16], by defining the transition probability of the M -th cookie as

p(en,n+1
M , en,n+1

1 ) = p(en,n−1
M , en,n+1

1 ) = pM , p(en,n+1
M , en,n−1

1 ) = p(en,n−1
M , en,n−1

1 ) = 1− pM .

The example presented above is a special case of the cookie random walk studied in [Zer05], in
which a more general distribution of cookies was allowed, which can not be captured using only
finitely many edges in the multiple edge construction of locally Markov walks.
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Total chain of a locally Markov walk

A locally Markov walk is determined by its local chains. Suppose that for every x ∈ V we are given
the local chain (Lx(k))k∈N, i.e. a Markov chain with state space Sx ⊂ V \{x} and transition matrix
indexed over Sx and denoted Mx = (mx(y, z))y,z∈Sx , that is, for y, z ∈ Sx it holds:

mx(y, z) = P[Lx(k + 1) = z|Lx(k) = y], for k ∈ N.

For the Markov chain with hidden local memory, the set Sx of internal states associated to x is an
arbitrary countable state space, while from now on, Sx denotes a subset of the vertex set V of G. By
abuse of notation, we regard the matrices Mx as indexed over the vertices V of G , by adding zero
entries for all rows and columns corresponding to vertices not in Sx. By enlarging the state space
V of a locally Markov walk to V × V V and keeping track not only of the particles current location,
but also of the last exit from each vertex which can be encoded by a configuration ρ : V → V ,
one obtains a Markov chain defined uniquely by the local chains {Lx, x ∈ V } (which are Markov
chains) and their corresponding transition matrices {Mx : x ∈ V }.

Definition 2.2 (Total chain associated to a locally Markov walk). A locally Markov walk (Xn)n∈N
on G = (V,E) can be lifted to a Markov chain (Xn, ρn)n∈N with state space S = V × V V and
transition matrix P = (p((x, ρ), (y, η)))(x,ρ),(y,η)∈V×V V whose entries, i.e. the transition probabilities
in one step, are given, for (x, ρ), (y, η) ∈ S, by

p((x, ρ), (y, η)) =

{
mx(ρ(x), y), ρ△η = {x} and η(x) = y,

0, else
,

with ρ△η = {x} indicating that ρ and η agree at all vertices except x. We refer to (Xn, ρn)n∈N as
the total chain associated with the locally Markov walk (Xn)n∈N.

Remark 2.2. We highlight the connection between the configurations (ρn)n∈N of the total chain
and the local chains (Lx(k))k∈N for x ∈ V . If τxk is the time of the k-th visit to x ∈ V , then

ρτxk+1(x) = ρτxk+2(x) = ... = ρτxk+1
(x) = Lx(k).

The sequence (ρn)n∈N encodes the last actions performed at all the vertices up to time n ∈ N, while
the local chain Lx(k) at x at time k ∈ N specifies the action taken upon the k-th visit to x.

The graph of the locally Markov walk (Xn)n∈N on V is also determined by the local chains
and denoted by G. It has vertex set V and edge set E = {(x, y) : x ∈ V, y ∈ Sx}. Note that if we
are already given a graph G = (V,E) and for all x ∈ V we have Nx = Sx, then the graph of the
locally Markov walk is actually G itself, i.e. G = G. From this point onward, we assume that the
underlying graph G is finite with |V | = m for some m ∈ N.

Let for all x ∈ V , qx denote the stationary distribution of the local chain at vertex x. We enlarge the
domain of qx from Sx to all of V , by simply setting it to 0 on all y /∈ Sx. Finally, we introduce the
stochastic matrix Q = (qx(y))x,y∈V , whose x-th row is given by the stationary distribution vector
qx of the chain Lx.

Assumptions 2.1. Throughout this paper, we assume that for every x ∈ V , the local chain Lx

with state space Sx is irreducible and aperiodic, and that the graph G, with vertex set V and edge
set E = {(x, y) : x ∈ V, y ∈ Sx}, is strongly connected and finite. Moreover, we assume henceforth
that Nx = Sx for all x ∈ V , so that the graph G of the locally Markov walk coincides with the
underlying graph G on which the model is defined.
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Under these assumptions, for each x ∈ V , the local chain Lx admits a unique stationary distribution
qx, with qx(y) > 0 for all y ∈ Sx. In particular, qxMx = qx holds for all x ∈ V . Denote by
π : V → (0, 1) the unique, strictly positive stationary distribution of the stochastic matrix Q which
satisfies πQ = π. The following observation is immediate.

Lemma 2.1. If G is strongly connected and all local chains are irreducible, then Q is irreducible.

Proof. Since qx(y) > 0 for all y ∈ Sx by irreducibility, we have that Qx,y > 0 if and only if (x, y) is
an edge of G. Since G is strongly connected this proves the claim.

Since (Xn, ρn)n∈N is a Markov chain on a finite state space, it is natural to investigate its transient
and recurrent states, to characterize its stationary distribution and the rate of convergence thereto,
and to determine whether it exhibits a cutoff phenomenon. This is the the focus of the next sections.

3 Recurrent states and the stationary distribution

3.1 Unicycles and recurrent states

We show now that the recurrent states of the total chain (Xn, ρn)n∈N associated to the locally
Markov walk (Xn)n∈N are the spanning unicycles of G, and that the stationary distribution is
supported on such spanning unicycles weighted accordingly. A directed spanning tree T of G rooted
at x ∈ V is a cycle free spanning subgraph of G such that for every y ∈ V \ {x}, there exists a
unique directed path from y to x in T . We denote the set of spanning trees of G rooted at x ∈ V
by TREEx(G). For T ∈ TREEx(G), we define its weight to be

ψ(T ) =
∏

(y,z)∈T

qy(z),

where qy is the unique stationary distribution of the local chain Ly at y ∈ V with state space Sy.

Definition 3.1 (q-weighted spanning tree). A random spanning tree T with distribution propor-
tional to its weight ψ(T ), i.e. P(T = T ) ∼ ψ(T ), where T is a spanning tree of G, is called q-weighted
spanning tree of G.

Here P(T = T ) ∼ ψ(T ) means that there exists a normalizing constant Z ∈ R such that P(T =

T ) = ψ(T )
Z , and this notation is used for the rest of the paper. The constant Z is defined as

Z =
∑
x∈V

∑
T∈TREEx(G)

ψ(T ). (3)

A spanning unicycle U of G is a spanning subgraph of G which contains exactly one directed cycle
and for every vertex x ∈ V there exists a unique path from x to this cycle. Let us denote by CYC(G)
the set of spanning unicycles of G. Similarly as for trees, we define for U ∈ CYC(G) its weight as

ψ(U) =
∏

(y,z)∈U

qy(z).

Definition 3.2 (q-weighted spanning unicycle). A random spanning unicycle U with distribution
P(U = U) ∼ ψ(U), for all U spanning unicycles of G, is called q-weighted spanning unicycle of G.
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Given a spanning tree T rooted at a vertex x ∈ V , a spanning unicycle U can be obtained by adding
any outgoing edge from x to the tree T . For a rotor walk on a graph G, the recurrent configurations
of the total chain are the spanning unicycles of G in view of [HLM+08, Theorem 3.8]. This is also
true for the total chain associated to a locally Markov walk, whose local chains {Lx : x ∈ V }
are irreducible and aperiodic and the proof is similar to the rotor walk case. When saying that
a configuration ρ : V → V is a spanning unicycle of the graph G, we mean that the set of edges
{(x, ρ(x)) : x ∈ V } forms a spanning unicycle of G.

Lemma 3.1. Consider a locally Markov walk (Xn)n∈N with corresponding total chain (Xn, ρn)n∈N
and suppose that the graph G induced by (Xn)n∈N is strongly connected. For any n ∈ N, if ρn is
a spanning unicycle and Xn lies on the unique cycle of ρn, then almost surely ρn+1 is a spanning
unicycle and Xn+1 lies on the unique cycle of ρn+1.

Proof. Since ρn is a unicycle configuration, the set of edges {ρn(x)}x̸=Xn = {ρn+1(x)}x̸=Xn contains
no directed cycles. However, in the configuration ρn+1 every vertex has outdegree 1, hence it must
contain a directed cycle. But any such cycle must contain the edge ρn+1(Xn), hence this cycle is
unique and Xn+1 = ρn+1(Xn) lies on it.

The time reversal of the total chain (Xn, ρn) is denoted by (X̂n, ρ̂n)n∈N and it is the Markov
chain with transition probabilities given by

p̂((x, ρ), (y, η)) = m̂y(ρ(y), x),

for ρ△η = {y} and y is the predecessor of x in the unique cycle in ρ, and m̂y is the time reversal of
the local chain at y given by

m̂y(z, x) := my(x, z)
qy(x)

qy(z)
, (4)

for all x, z ∈ Ny. The reversed chain encodes a particle moving "backwards" in time, i.e. if the
location of the walk (X̂n, ρ̂n)n∈N at time n is (x, ρ), where ρ is a spanning unicycle and x lies on the
unique cycle of ρ, then at time n+1 the reversed walk will move the particle from x backwards along
the unique cycle of ρ and then the configuration at the new position y will be changed according to
the transition probabilities defined in Equation (4).

Remark 3.1. Under Assumptions 2.1, the locally Markov walk will eventually visit every vertex
of G. Once all vertices have been visited, the configuration ρ forms a spanning unicycle. Conse-
quently, the recurrent configurations of the total chain are contained in the set of spanning unicycles.
Therefore, it is sufficient to define the time reversal of the total chain only on this set.

Lemma 3.2. Let (X̂n, ρ̂n)n∈N be the time reversal of the total chain (Xn, ρn)n∈N associated to the
local walk (Xn)n∈N. If ρ̂n is a spanning unicycle and X̂n lies on the unique cycle of ρ̂n, for some
n ∈ N, then almost surely ρ̂n+1 is a spanning unicycle and X̂n+1 lies on the unique cycle of ρ̂n+1.

Proof. It suffices to show that every directed cycle in ρ̂n+1 passes through X̂n+1. Suppose the
contrary holds, that is, there is a directed cycle in ρ̂n+1 which does not pass through X̂n+1. Since
ρ̂n+1 agrees with ρ̂n everywhere except at X̂n+1, this same cycle also occurs in ρ̂n and avoids X̂n+1.
This is a contradiction, since the unique cycle in ρ̂n passes through X̂n+1, and the claim follows.
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The n-step transition probabilities p(n) and p̂(n) of the total chain (Xn, ρn)n∈N and of the reversed
chain (X̂n, ρ̂n)n∈N respectively, are related as follows.

Lemma 3.3. For all n ∈ N and all (x, ρ), (y, η) ∈ S we have p(n)((x, ρ), (y, η)) > 0 if and only if
p̂(n)((x, η), (y, ρ)) > 0.

Proof. The base case n = 1 follows from the definition of the time reversal chain and the general
case follows easily by induction.

Proposition 3.1. Consider a spanning unicycle ρ of G and a vertex x ∈ V that lies on the unique
cycle of ρ. Then (x, ρ) is a recurrent state of the total chain (Xn, ρn)n∈N.

Proof. By Lemma 3.3, the total chain and its time reversal have the same recurrent configurations.
The total chain starting from (x, ρ) must eventually reach a recurrent state (y, η). By Lemma 3.1
the configuration η must be a spanning unicycle and y must lie on its unique cycle. Thus there
exists n ∈ N such that p̂(n)((y, η), (x, ρ)) > 0, and since (y, η) is recurrent for the total chain and
thus also for its reversal, this implies that (x, ρ) is recurrent for the time reversal and thus also the
total chain, completing the proof.

It remains to show that all recurrent configurations of the total chain are spanning unicycles.

Proposition 3.2. Let (x, ρ) be a recurrent configuration of the total chain (Xn, ρn)n∈N. Then ρ is
a spanning unicycle of G and x lies on its unique cycle.

Proof. Since the local chains {Lx, x ∈ V } are irreducible and aperiodic, we eventually visit every
vertex of G almost surely. Assume that we start at (x, ρ), visit all the vertices of G and eventually
return to (x, ρ). Since every vertex in ρ has outdegree 1, it must contain at least one directed cycle.
Choose one of these cycles and denote its vertices by x1, ..., xk. Let us assume x does not lie on the
chosen cycle. For each i, the last time the walker was at xi, it moved to xi+1 and hence the edge
(xi, xi+1) was traversed more recently than the edge (xi−1, xi). Carrying this argument around the
cycle leads to a contradiction. Thus every cycle in ρ must go through the vertex x, which implies
that ρ is a spanning unicycle and x lies on its unique cycle.

Combining Proposition 3.1 and Proposition 3.2 yields the following characterization of the recurrent
states of the total chain.

Proposition 3.3. Given a locally Markov walk (Xn)n∈N with associated total chain (Xn, ρn)n∈N,
the recurrent states of the total chain are the configurations of the form (x, ρ), where ρ is a spanning
unicycle of G and x lies on the unique cycle of ρ.

Definition 3.3 (Set of unicycle configurations). For a finite and strongly connected graph G, we
define the set of unicycle configurations as

UG := {(x, ρ) : ρ ∈ CYC(G) and x lies on the unique cycle in ρ}.

Remark 3.2. At first glance, it may seem plausible that the time reversal of the total chain
associated to a locally Markov walk could itself be represented as the total chain associated to
another locally Markov walk. However, this is not the case. In the reversed process, the particle
moves backwards along the unique cycle of the current unicycle configuration. Determining the
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next step therefore requires knowledge of the entire cycle structure, not merely the most recent
action at the current vertex. Consequently, the particle’s motion is not locally Markovian, and the
time-reversed process does not constitute a locally Markov walk.

Single step decomposition of the total chain

Next we present a decomposition of the transition matrix of the total chain into a block-diagonal
component and an orthogonal component. This relies on the observation that a single step of the
total chain consists of two micro-steps: for a particle located at x, the first step involves examining
the previous action performed at x and determining the next move based on the local chain Lx. The
second step involves moving the particle to the randomly chosen vertex: if the last exit from x was
to y, then the particle at x moves to z with probability mx(y, z). This motivates us to decompose
the matrix P into a block diagonal matrix Bloc, whose blocks correspond to the transition matrices
of the local chains, and a permutation matrix ACYC, such that P = BlocACYC.

Definition 3.4 (Unicycle permutation matrix). For a finite, directed, and strongly connected graph
G, we define the unicycle permutation of G as the mapping ζ : UG → UG given by ζ(x, ρ) = (ρ(x), ρ).
Let also ACYC ∈ {0, 1}UG×UG be the matrix with entries

ACYC((x, ρ), (y, η)) =

{
1, ζ(x, ρ) = (y, η)

0, else
,

and we call ACYC the unicycle permutation matrix of G.

By definition, ζ moves the particle along the unique cycle in ρ while keeping the directions of the
edges unchanged. The set UG represents the set of recurrent states of (Xn, ρn)n∈N according to
Proposition 3.3. The lemma below shows that permuting the columns of the transition matrix P of
the total chain according to ACYC yields a block-diagonal matrix.

Lemma 3.4. For the total chain (Xn, ρn) on G with transition matrix P , and transition probabilities
of the local chains given by Mx = (mx(y, z))y,z∈Nx for all x ∈ V , for all (x, ρ), (y, η) ∈ UG we have

PATCYC((x, ρ), (y, η)) =

{
mx(ρ(x), η(x)), x = y and ρ \ x = η \ x
0, else

.

Proof. Let (x, ρ), (y, η) ∈ UG. A simple computation gives

PATCYC((x, ρ), (y, η)) = p((x, ρ), ζ(y, η)),

where ζ is the unicycle permutation from Definition 3.4. If we denote ζ(y, η) = (y′, η′), then the
right-hand side of the above equation is non-zero if y′ ∈ Nx, ρ \ x = η′ \ x and η′(x) = y′, which
together with the definition of ζ proves the claim.

We define the block diagonal matrix Bloc as the matrix whose blocks are given by the local transition
probabilities mx(·, ·) as follows:

Bloc = PATCYC.

10



Corollary 3.1. For the transition matrix P of the total chain (Xn, ρn)n∈N restricted to its recurrent
states UG it holds

P = BlocACYC.

This follows immediately from Lemma 3.4 by multiplying the above equation with ATCYC from the
right, and using that ATCYC = A−1

CYC.

We will see in Lemma 4.4 that the single-step decomposition provides a partial description of the
eigenvectors of the uniform unicycle walk introduced in Section 4.

3.2 Stationary distribution

We describe here the stationary distribution of the total chain (Xn, ρn)n∈N associated to a locally
Markov walk (Xn)n∈N. Recall the definition of the matrix Q, whose rows are the stationary distri-
butions of the local chains. For a configuration ρ we define ρ \ x := {(y, ρ(y)) : y ∈ Vx}, where
x ∈ V and Vx = V \ {x}. That is, ρ \ x is the configuration obtained from ρ by removing the
outgoing edge from x. In view of Proposition 3.3, the set of recurrent states of the total chain is
UG. The next result proves (1) in Theorem 1.1.

Proposition 3.4. The stationary distribution µ : V × V V → [0, 1] of the total chain (Xn, ρn)n∈N
associated to the locally Markov walk (Xn)n∈N is given by

µ(x, ρ) =

{
1
Z

∏
y∈V qy(ρ(y)), if ρ \ x ∈ TREEx(G)

0, otherwise
,

where Z is the normalizing constant from Equation (3).

Proof. Assume that (Xn, ρn) is µ-distributed, and recall that its transition matrix is P , while the
transition matrix of the local chain at x ∈ V is Mx = (mx(y, z))y,z∈Nv . Let (y, η) ∈ UG, and we
take another unicycle configuration (x, ρ) ∈ UG such that p((x, ρ), (y, η)) > 0. Then x must be a
neighbor of y. In fact, x must be the unique neighbor of y lying on the cycle in η and satisfying
η(x) = y. We denote this neighbor by xy. Moreover, by the update rule of the total chain, we
necessarily have ρ \ xy = η \ xy. Finally, the value of ρ at xy can be any of the neighbours of xy.
Since (Xn, ρn) is µ-distributed, factorizing with respect to the first step yields

Pµ
[
(Xn+1, ρn+1) = (y, η)

]
=

∑
(x,ρ)

µ(x, ρ)p((x, ρ), (y, η))

=
1

Z

∏
v∈Vxy

qv(η(v))
∑
z∈Nxy

qxy(z)mxy(z, y) =
1

Z

∏
v∈V

qv(η(v)) = µ(y, η).

Since µ(y, η) > 0 for all unicycle configurations (η, y) ∈ UG and
∑

(y,η) µ(y, η) = 1, it follows that µ
is indeed the stationary distribution of P .

Irreducibility of the total chain

We show here that if a locally Markov walk (Xn)n∈N has strictly positive local transition probabil-
ities, then the corresponding total chain is irreducible.
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Proposition 3.5. For a locally Markov walk with strictly positive local transition probabilities —
that is, for all x ∈ V and all y, z ∈ Nx we have mx(y, z) > 0 - the corresponding total chain is
irreducible.

Proof. For x, y ∈ V , using the strict positivity assumption of the transition probabilities, it is
clear that the location of the locally Markov walk (Xn)n∈N can be transitioned from x to y in a
finite number of steps with positive probability. Therefore, it remains to show that the unicycle
configuration of the total chain can also be transitioned into any other configuration with the same
root in a finite number of steps with positive probability. For this, let (y, η), (y, η′) ∈ UG, and
suppose that η and η′ differ only in a single vertex. We distinguish two cases.

If η(y) ̸= η′(y), then we can change the state of η at y by performing the following steps in the total
chain: first perform a step from y to η′(y), which changes η(y) to the desired neighbor η′(y). Then
from η′(y), follow the unique directed path back to y. This way, the total chain will have moved
from (y, η) to (y, η′), and by the positivity assumption all steps have positive probability.

If, on the other hand, there exists some x ̸= y with η(x) ̸= η′(x), we can perform the following
sequence of steps: denote the unique directed path from x to y in η by γ and the path from η′(x)
to y by γ′. First, we traverse γ in reverse order, moving the particle from y to x while reversing the
direction of all arrows along γ. Next we move from x to η′(x). Then we follow γ′ until we either
reach y or we intersect γ. Finally, we retrace γ back to the last vertex before x, and from there,
we follow the original order of γ to return to y. After restoring the direction of the arrow at y to
its original orientation, we will have transitioned from (y, η) to (y, η′) in a finite number of steps,
where each step occurs with positive probability by assumption. The proposition then follows by
observing that any given unicycle configuration can be transformed into any other configuration by
iteratively adjusting all mismatched arrows.

The positivity assumption on the local transition probabilities can be slightly weakened. The proof
remains valid if we instead assume that the local chains are irreducible and that, for all x ∈ V and
y ∈ Nx we have mx(y, y) > 0. Under this assumption, it is still possible to follow paths in the
unicycle configuration in their given order, as well as to reverse the order of a given path. However,
to provide a more concise formulation of the ergodicity of locally Markov chains, we will continue
to use the positivity assumption on the local transition probabilities.

Proposition 3.6. Let (Xn)n∈N be a locally Markov walk with local chains (Lx(k))k∈N with strictly
positive transition probabilities, for all x ∈ V . Then for all f : V → R almost surely

lim
t→∞

1

t

t∑
n=0

f(Xn) =
∑
x∈V

f(x)π(x).

In particular, for x ∈ V the proportion of visits to x by (Xn)n∈N until time t converges to π(x) as
t→ ∞.

Proof. If we write Nt(x) for the number of visits to x ∈ V by the locally Markov walk (Xn)n∈N up
to time t ∈ N, it suffices to show for all x ∈ V that, almost surely,

lim
t→∞

Nt(x)

t
= π(x).
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The proof relies on the observation that Xt+1 = LXt(Nt(Xt)). Let us now fix some x ∈ V , then

1

t

(
Nt(x)− δx(X0)

)
=

1

t

t−1∑
n=0

δx(Xn+1) =
1

t

t−1∑
n=0

δx(L
Xn(Nn(Xn))

=
1

t

t−1∑
n=0

∑
y∈V

δx(L
Xn(Nn(y))δy(Xn) =

1

t

∑
y∈V

t−1∑
n=0

δx(L
Xn(Nn(y))δy(Xn)

=
1

t

∑
y∈V

Nt−1(y)∑
k=0

δx(L
y(k)) =

∑
y∈V

Nt−1(y)

t

1

Nt−1(y)

Nt−1(y)∑
k=0

δx(L
y(k)).

(5)

Since all local transition probabilities are positive, and the underlying graph G is strongly connected,
we have Nt(y) → ∞ as t→ ∞ for all y ∈ V . Using this, we obtain for all y ∈ V

lim
t→∞

1

Nt−1(y)

Nt−1(y)∑
k=0

δx(L
y(k)) = qy(x).

By assumption, the total chain is finite and irreducible, so using the ergodic theorem for finite
Markov chains, we have

lim
t→∞

Nt−1(y)

t
= f(y),

for some function f : V → (0,∞) and for all y ∈ V . Reinserting this into Equation (5) and taking
the limit as t→ ∞ on both sides yields

f(x) =
∑
y∈V

f(y)qy(x),

thus f is an eigenvector of Q with eigenvalue 1. Since
∑

y∈V f(y) = 1, together with the uniqueness
of the stationary distribution π of Q implies f = π, and this finishes the proof.

Convergence of the single-step distribution

According to Proposition 3.6, locally Markov walks inherit ergodic properties from the total chain.
In what follows, we establish a non-averaged analogue of Proposition 3.6, and we show that, in the
long run, the single-step distributions of locally Markov walks resemble those of a Markov chain with
transition matrix Q. We again assume that all local transition probabilities are strictly positive on
Nx for all x ∈ V . As a simple consequence, from basic theory on finite state space Markov chains
we obtain that

P(Xn = x) =
∑

ρ∈TREEx(G),y∈Nx

P((Xn, ρn) = (x, ρ ∪ (x, y)))

n→∞−−−→
∑

ρ∈TREEx(G),y∈Nx

µ(x, ρ ∪ (x, y)) = π(x).
(6)

The following proposition proves part (2) of Theorem 1.1.

Proposition 3.7. Consider a locally Markov walk (Xn)n∈N on G with local chains (Lx(k))k∈N that
have strictly positive transition probabilities, for all x ∈ V . Then for all x, y ∈ V it holds

lim
n→∞

P(Xn+1 = x|Xn = y) = qy(x).
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Proof. We have

P(Xn+1 = x|Xn = y) =
P(Xn+1 = x,Xn = y)

P(Xn = y)

=
1

P(Xn = y)

∑
ρ∈TREEy(G),z∈Ny

P(Xn+1 = x,Xn = y, ρn = ρ ∪ (y, z))

=
1

P(Xn = y)

∑
ρ∈TREEy(G),z∈Ny

my(z, x)P((Xn, ρn) = (y, ρ ∪ (y, z))).

From the ergodicity of the total chain we have

lim
n→∞

P((Xn, ρn) = (y, ρ ∪ (y, z))) = µ(y, ρ ∪ (y, z)),

which combined with Equation (6) implies

lim
n→∞

P(Xn+1 = x|Xn = y) =
1

π(y)

∑
ρ∈TREEy(G),z∈Ny

my(z, x)µ(y, ρ ∪ (y, z))

=
1

π(y)

∑
ρ∈TREEy(G)

µ(y, ρ ∪ (y, x)) =
1

π(y)
qy(x)π(y) = qy(x),

where from the second to last line we have once again used the Markov chain tree theorem.

4 Uniform unicycle walk

Athanasiadis [Ath96] studied a random walk on trees, originally introduced in [AT89] as a tool
for proving the Markov chain tree theorem. In this model, the root of the tree performs a simple
random walk and the entire tree evolves according to the root’s movement. He subsequently proved
a conjecture of Propp by determining the spectrum of the Laplacian matrix of the tree walk on
complete graphs. In this section, we extend his approach to the total chain of the simple random
walk on complete graphs, computing the spectrum of its transition matrix. In addition, we determine
the mixing time of the total chain on complete graphs and establish that it exhibits the cutoff
phenomenon, meaning that mixing occurs rather abruptly.

The graph of unicycles

Let G = (V,E) be a finite, directed and strongly connected graph. For an unicycle configuration
η ∈ CYC(G) over G, we denote the vertices on the unique cycle by cycle(U) and we recall Definition
3.1 of the unicycles UG of G. Starting from G, we construct a new graph whose vertex set is UG. Two
vertices (x, ρ), (y, η) ∈ UG are joined by an edge ((x, ρ), (y, η)) whenever the following conditions
are satisfied:

(1) there exists an edge from x to y in G, i.e., (x, y) ∈ E;

(2) the unicycle configurations ρ and η coincide everywhere except at x, i.e., ρ \ x = η \ x;
(3) in η, the arrow at x points to y, i.e., η(x) = y.
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Turning the arrow Moving the particle

Figure 1: Illustration of a step of the uniform unicycle walk on the complete graph with 3 vertices.

Figure 2: The unicycle graph UCYC(K3) together with the uniform unicycle walk. The vertex
colored in red indicates the particle location.

We denote the set of all such edges by Ecycle.

Definition 4.1 (Unicycle Graph). We call the graph UCYC(G) = (UG, Ecycle) the unicycle graph
derived from G.

Next, we examine the simple random walk on the unicycle graph UCYC(G) of G, that we denote it
by (Xn, ρn)n∈N. This is a special case of a locally Markov walk. The following is straightforward.

Lemma 4.1. Consider the simple random walk (Xn, ρn)n∈N on UCYC(G). Furthermore, let (Yn)n∈N
be the simple random walk on G and denote its total chain by (Yn, ηn)n∈N. Then (Xn, ρn)n∈N and
(Yn, ηn)n∈N have the same distribution.

Proof. By the construction of UCYC(G), (Xn)n∈N is a simple random walk on G and a single step
of (Xn, ρn)n∈N corresponds to a step of the total chain of (Xn)n∈N. Thus the claim follows.

Definition 4.2 (Uniform Unicycle Walk). The simple random walk (Xn, ρn)n∈N on UCYC(G) is
called uniform unicycle walk on G.

Uniform unicycle walk on complete graphs

Here, we consider the uniform unicycle walk on the complete graph Km with m vertices, where the
vertex set is {1, ...,m} and the edge set E(Km) is {(i, j) : i, j ∈ {1, ...,m}, i ̸= j}. The adjacency
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matrix Am ∈ ZUCYC(Km)×UCYC(Km) of UCYC(Km) is defined as

Am((x, ρ), (y, η)) =

{
1, if (x, ρ) → (y, η) and (x, ρ) ̸= (y, η)

0, else
,

and the Laplacian matrix Lm ∈ ZUCYC(Km)×UCYC(Km) of UCYC(Km) is defined as

Lm((x, ρ), (y, η)) =


m− 1, if (x, ρ) = (y, η)

−1, if (x, ρ) → (y, η)

0, else
.

Eigenvalues of the unicycle Laplacian via path counting

We compute here the eigenvalues of Lm for m ∈ N using the method from [Ath96]. Note that,
for k ∈ N and i, j ∈ UKm , the entry Akm(i, j) counts the number of paths from configuration i to
configuration j. Consequently, the trace trAkm =

∑
i∈UKm

Akm(i, i), counts the number of closed
paths in the unicycle graph UCYC(Km) of Km. Alternatively, Akm can also be expressed as the sum
of the k-th powers of the eigenvalues of Am, each weighted by its multiplicity. We focus now on
counting the number of closed walks of a certain length in the unicycle graph UCYC(Km) of Km.
Suppose we start the unicycle walk at some configuration (x, ρ) ∈ UKm and end it at the same
configuration. Then the roots of the walk trace out a closed walk in Km starting and ending at x.
This allows us to derive the number of closed walks in UCYC(Km) from the number of closed walks
in Km. For G = (V,E) and k ∈ N, we denote by w(G, k) the number of closed walks of length k in
G, and for S ⊆ V , we write GS for the subgraph of G induced by S, consisting of the vertices in S
and all edges of G connecting pairs of vertices in S.

Lemma 4.2. For any k ∈ N we have

w(UCYC(G), k) =
∑

S: S⊆V
w(GS , k) det(∆G|V \S − I).

Proof. Note that a closed walk in UCYC(G) is uniquely determined by choosing an initial root x0 and
a tree rooted at x0 and denoted by T0, as well as a closed walk in G denoted by x0 → x1 → ...→ xk,
with xk = x0. If we write L := max{1 ≤ i ≤ k : xi = x0}, then the closed walk in UCYC(G) starts
in (x0, T0 ∪ {(xL, xL+1)}). Hence, for a closed walk of length k in G given by x0 → x1 → ... → xk
with xk = x0, we have to count the number of spanning trees rooted at x0, in order to obtain a
closed walk of length k in UCYC(G). Note that if a vertex v ∈ V appears in {x0, ..., xk} for the
last time with index Lv, then in the tree T0 the outgoing edge from v points towards xLv+1. Thus
the number of trees T0, which yields a closed walk in UCYC(G) is given by the number of rooted
spanning forests of G with root set {x0, ..., xk}. Denote the number of rooted spanning forests of G
with root set S ⊆ V by τ(G,S). We have

w(UCYC(G), k) =
∑

S: S⊆V
τ(G,S)g(GS , k),

where g(GS , k) is the number of closed walks of length k in GS visiting all of its vertices. The term
g(GS , k) can be rewritten as

g(GS , k) =
∑

U : U⊆S
(−1)|S\U |w(GU , k),
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where we have used the inclusion-exclusion principle for the set of paths in GS of length k that
visit all the vertices in GS . Plugging this into the formula for w(UCYC(G), k) and rearranging the
summation order we obtain

w(UCYC(G), k) =
∑

S: S⊆V
w(GS , k)

∑
U : S⊆U⊆V

(−1)|U\S|τ(G,U).

The matrix tree theorem for computing τ(G,U) in terms of the Laplacian of G yields∑
U : S⊆U⊆V

(−1)|U\S|τ(G,U) =
∑

U : S⊆U⊆V
(−1)|U\S|det(∆G|V \U ).

The claim follows since det(∆G|V \S − I) can be written using the matrix principal minors as

det(∆G|V \S − I) =
∑

U : S⊆U⊆V
(−1)|U\S|det(∆G|V \U ).

Consequently, the spectrum of Am can be derived from the spectra of the induced subgraphs of
Km. We denote by (Km)S := KS

m the subgraph of Km induced by a subset S of vertices. For
completeness, we also state below [Ath96, Lemma 2.1], which we will use later on.

Lemma 4.3. Assume that for some non-zero complex numbers (ai)1≤i≤r and (bj)1≤j≤s we have∑r
i=1 a

l
i =

∑s
j=1 b

l
j, for all l ∈ N. Then r = s and (ai)1≤i≤r is a permutation of (bj)1≤j≤s.

Corollary 4.1. All nonzero eigenvalues of Am are given by the nonzero eigenvalues of the induced
subgraphs of Km. Furthermore, for λ ̸= 0, the multiplicity mUCYC(Km)(λ) of λ in Am is given by

mUCYC(Km)(λ) =
∑

S: S⊆V
mKS

m
(λ) det(∆Km |V \S − I),

where mKS
m
(λ) denotes the multiplicity of λ in the adjacency matrix of KS

m.

As a consequence, we determine all the eigenvalues of Lm as follows. Let mLm(·) denote the
multiplicity of an eigenvalue of Lm.

Proposition 4.1. The Laplacian matrix Lm of the uniform unicycle walk on Km has eigenvalues
{−1, 0, 1, ...,m− 1} and the corresponding multiplicities are given by

mLm(m− 1− i) =


i
(
m
i+1

)
(m− 1)m−i−2 , 1 ≤ i ≤ m− 1

mm−1 − (m− 1)m−1 , i = −1

mm−1(m− 2) , i = 0

.

Proof. Since Lm = (m− 1)I|UKm | −Am, we can derive the eigenvalues of Lm from those of Am. In
order to do so, we use Corollary 4.1 together with the fact that the induced subgraphs of Km are also
complete graphs. Thus for S ⊆ V , the eigenvalues of Km|S are |S| − 1 and −1 with multiplicities 1
and |S| − 1, respectively. Plugging this into Corollary 4.1 completes the proof. To see for example
the first case, we remark that for all |S| ≥ 2 it holds that

det(∆Km |V \S − I) = (|S| − 1)(m− 1)m−1−|S|,

thus the value i for 1 ≤ i ≤ m− 1 has multiplicity i
(
m
i+1

)
(m− 1)m−i−2 as an eigenvalue of Am.
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Although we are able to determine the spectrum of Lm, the eigenvectors and generalized eigenvectors
remain out of reach. Concerning the structure of generalized eigenvectors for the uniform unicycle
walk on arbitrary finite, strongly connected graphs G, we can prove the following result.

Lemma 4.4. Let P be the transition matrix of the uniform unicycle walk on a finite, strongly
connected graph G, and let f be a generalized eigenvector of P associated with an eigenvalue λ ̸= 0.
Then, for every vertex x ∈ V and every oriented tree T rooted at x, we have

f(x, T ∪ {(x, y)}) = f(x, T ∪ {(x, z)}), for y, z ∈ Nx.

Proof. Let λ ̸= 0 and let f be a generalized eigenfunction of P with eigenvalue λ. Then f ∈ ran(P ).
If ζ is the unicycle permutation (see Definition 3.4) on G, then PATCYC is a block diagonal matrix,
and the blocks are the transition matrices of the local chains. For the uniform unicycle walk, the
transition probabilities of the local chains are uniform. Thus for g ∈ ran(PATCYC), x ∈ V and all
oriented trees T rooted at x we have

g(x, T ∪ {(x, y)}) = (g, T ∪ {(x, z)}),

where y, z ∈ Nx. The claim follows immediately from ran(P ) = ran((PATCYC)ACYC) = ran(PATCYC).

4.1 Mixing and cutoff for the uniform unicycle walk on complete graphs

For two measure ι, ζ defined on the same finite set S, their total variation distance is

||ι− ζ||TV =
1

2

∑
s∈S

|ι(s)− ζ(s)|. (7)

The aim of this part is to prove that the uniform unicycle walk on Km exhibits cutoff, i.e., for every
ε ∈ (0, 1) we have

lim
m→∞

t
(m)
mix(ε)

t
(m)
mix(1− ε)

= 1,

where t(m)
mix(ε) is the mixing time of the uniform unicycle walk (X

(m)
n , ρ

(m)
n )n∈N on the complete

graph Km on m vertices, which is defined as

t
(m)
mix(ε) := min

{
t ∈ N : max

(y,η)∈UG

||p(t)((y, η), ·)− µ(·)||TV < ε
}
.

For the rest of the paper, we allow self-loops in complete graphs, so that the edge set of Km becomes
{(i, j) : i, j ∈ {1, . . . ,m}}. This modification simplifies certain calculations, since it enables to
describe the cover time of the simple random walk on complete graphs via the classical coupon
collector’s problem. We establish this result using the Aldous–Broder backwards algorithm, which
generates uniform spanning trees of a graph through a simple random walk (see [HLT21]). Recall
that the cover time of a random walk is the first time when all states have been visited.

Lemma 4.5. Let G be a finite, strongly connected graph, and (Xn)n∈N be a simple random walk on
G with cover time C. For v ∈ G, let lv(k) be the last visit to v before time k ∈ N. Then the set
BC+1 = {(Xlv(C+1), Xlv(C+1)+1) : v ∈ G \ {XC+1}} is distributed as an uniform spanning tree on
G.
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See [HLT21] for a proof. Denote by C(m) the cover time of the simple random walk on the complete
graph Km. By applying the Aldous–Broder backwards algorithm, we derive a bound on the mixing
time in terms of the cover time. Denote by µ(m) the stationary distribution of the uniform unicycle
walk on Km ( i.e. the simple random walk on the unicycle graph UCYC(Km)), and define

d(m)(t) = max
(x,ρ)∈UKm

||P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (·, ·))− µ(m)(·, ·)||TV

as the distance from the distribution of the uniform unicycle walk at time t to the stationarity of
the uniform unicycle walk. As a special case of locally Markov walk, the stationary distribution of
the uniform unicycle walk on Km is described in Proposition 3.4. Bounds on d(m) therefore yield
bounds on the mixing time of the uniform unicycle walk.

Lemma 4.6. For the uniform unicycle walk (X
(m)
n , ρ

(m)
n )n∈N on Km, the distance between its dis-

tribution at time t and its stationary distribution µ(m) can be expressed as: for (x, ρ) ∈ UKm

||P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (·, ·))− µ(m)(·, ·)||TV =

= Px(C(m) ≥ t)||P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (·, ·)|C(m) ≥ t)− µ(m)(·, ·)||TV .

Proof. Suppose that the uniform unicycle walk on Km starts at (x, ρ) ∈ UKm . Then we have∑
(y,η)∈UKm

|P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (y, η))− µ(m)(y, η)|

=
∑

(y,η)∈UKm

|Px(t > C(m))P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (y, η)|t > C(m))

+ Px(t ≤ C(m))P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (y, η)|t ≤ C(m))− µ(m)(y, η)|

= Px(t ≤ C(m))
∑

(y,η)∈UKm

|P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (y, η)|t ≤ C(m))− µ(m)(y, η)|,

where in the last equation above we have used that, in view of the Aldous-Broder backwards
algorithm, it holds

P(x,ρ)((X
(m)
t , ρ

(m)
t ) = (y, η)|t > C(m)) = µ(m)(y, η).

Therefore

Px
(
t > C(m)

)
P(x,ρ)

(
(X

(m)
t , ρ

(m)
t ) = (y, η)|t > C(m)

)
− µ(m)(y, η)

= Px
(
t > C(m)

)
µ(m)(y, η)− µ(m)(y, η) = −µ(m)(y, η)Px

(
t ≤ C(m)

)
,

and this completes the proof.

Corollary 4.2. We have d(m)(t) = maxx∈Km Px(C(m) ≥ t).

Therefore, to obtain bounds on the mixing time, it suffices to bound the cover time of the simple
random walk on Km. This reduces to the classical coupon collector’s problem, for which sharp
estimates are available. In particular, we will make use of the tail bounds for the coupon collector’s
problem, as given in [MR99, pp. 57–63].

Proposition 4.2. For the mixing time t(m)
mix of the uniform unicycle walk on Km we have: for ε > 0(

1 +
log(1− ε)

log(m)

)
m log(m) ≤ t

(m)
mix(ε) ≤

(
1− log(ε)

log(m)

)
m log(m).
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Proof. Let ε > 0. Corollary 4.2 together with the tail bound from [MR99, pp. 57-63] implies

d(m)
((

1− log(ε)

log(m)

)
m log(m)

)
≤ mlog(ε)/ log(m) = ε,

and thus the upper bound follows. Also from the tail bound in [MR99, pp. 57-63] we obtain

max
x∈Km

Px
(
C(m) ≥

(
1 +

log(1− ε)

log(m)

)
m log(m)

)
≥ 1−mlog(1−ε)/ log(m) = ε,

which together with Corollary 4.2 implies

d(m)
((

1 +
log(1− ε)

log(m)

)
m log(m)

)
≥ ε,

which proves the lower bound.

We can finally prove cutoff for the uniform unicycle walk on Km.

Proof of Theorem 1.2. For ε > 0 we have

lim
m→∞

t
(m)
mix(ε)

t
(m)
mix(1− ε)

≤ lim
m→∞

log(m)− log(ε)

log(m) + log(ε)
= 1,

in view of Proposition 4.2. For the lower bound, we also use Proposition 4.2 to obtain

lim
m→∞

t
(m)
mix(ε)

t
(m)
mix(1− ε)

≥ lim
m→∞

log(m) + log(1− ε)

log(m)− log(1− ε)
= 1.

The previous two equations together imply that

lim
m→∞

t
(m)
mix(ε)

t
(m)
mix(1− ε)

= 1,

and this shows cutoff for the uniform unicycle walk on Km.

5 Conclusion and related questions

We have introduced locally Markov walks on finite graphs, where a particle determines its next
move based on its past local actions. To study their long-term behavior — such as convergence to
stationarity and ergodicity — we employed the total chain, a Markov chain that records both the
particle’s position and the history of local actions. As a concrete example, we analyzed the uniform
unicycle walk on complete graphs.

An interesting direction for future work is the study of locally Markov walks on infinite graphs. A
natural question is how to characterize recurrence versus transience in terms of the properties of
their local memory. While a full general characterization of recurrence is highly nontrivial, it is
worthwhile to investigate specific examples of locally Markov walks on infinite graphs. Below, we
present a selection of related questions.
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• Characterize all recurrent locally Markov walks on the integers Z.

• The rotor walk with i.i.d. initial rotors is another example of a locally Markov walk. Prove
that the rotor walk on Zd is recurrent for d = 2 and transient for d ≥ 3.

• Prove the recurrence of the p-walk on Z2. It is known that the p-walk is recurrent on Z and
admits a scaling limit as shown in [HLSH18].

Even on finite graphs, several interesting questions can be addressed. While in this work our focus
was on deriving general results applicable to all locally Markov walks under mild assumptions,
focusing on specific examples may yield sharper estimates for eigenvalues and mixing times. We
present a selection of such problems below.

• Examine the mixing behavior of p-walks on finite graphs. For which sequences of finite graphs
does the p-walk exhibit a cutoff phenomenon?

• Are there any graph sequences, other than complete graphs, on which the uniform unicycle
walk exhibits a cutoff phenomenon?

• Describe not only the spectrum but also all the eigenfunctions of the uniform unicycle walk
on complete graphs. How does this extend to other families of graphs?
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List of notation and symbols

Symbol Definition

G = (V,E) finite, directed, strongly connected graph with vertex set V and edge set E
Nx neighbours of x in G
(Xn)n∈N locally Markov walk on G
G graph induced by the locally Markov walk
E edges induced by the locally Markov walk
(Xn, ρn)n∈N total chain associated to (Xn)n∈N
P transition matrix of the total chain
S state space of the total chain
(Lx(k))k∈N local chain at vertex x ∈ V
Mx transition matrix of the local chain Lx

mx(·, ·) entries of the matrix Mx

Sx state space of Lx (except in Remark 2.1, where Sx are hidden states at x)
qx stationary distribution of the local chain Lx

Q stochastic matrix indexed over V × V with row at position x given by qx
π stationary distribution of Q
ρ, η arrow configurations
TREEx(G) set of directed spanning trees of G rooted at x
CYC(G) set of spanning unicycles of G
ψ weight of a spanning tree resp. spanning unicycle
UG set of unicycle configurations
Nt(x) number of visits to vertex x until time t
Bloc block diagonal matrix, blocks are the transition matrices of the local chains
ACYC unicycle permutation matrix
UCYC(G) unicycle graph of G
Ecycle edges of the unicycle graph
Km complete graph on m vertices
Am adjacency matrix of the unicycle graph of Km

Lm Laplacian matrix of the unicycle graph of Km

w(G, k) number of closed paths of length k in G
τ(G,U) number of rooted spanning forests of G with root set U
∆G Laplacian of G
g(G, k) number of closed paths of length k in G, visiting every vertex of G
GS subgraph induced by the subset S of vertices V of G
KS
m subgraph induced by the subset S of vertices of Km

mA(λ) multiplicity of the eigenvalue λ of matrix A
mG(λ) multiplicity of the eigenvalue λ of adjacency matrix of G
t
(m)
mix mixing time of uniform unicycle walk on Km

C(m) cover time of simple random walk on Km

|| · ||TV total variation distance
d(m)(t) total variation distance of t-step distribution of uniform unicycle walk on Km

to stationarity
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